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Chapter 1

Sobolev spaces

Abstract: This chapter discusses classical aspects of the theory of Sobolev
spaces. We begin with basic definitions. In order to prepare the important
embedding results for Sobolev space we prove Morrey’s inequality and the
inequality of Gagliardo-Nirenberg-Sobolev. Now the proof of continuous em-
beddings of Sobolev space is straight forward. After recalling the Kolmogorov-
Riesz compactness criterion for sets in L7(IR") spaces we proceed to prove
for bounded sets () C R" compactness of the embeddings of Sobolev spaces
WEP(Q)) into L1(Q)) for a suitable range of the exponents p, 4.
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1.1 Motivation

As we will learn in the Introduction to Part C on variational methods, all ma-
jor developments in the calculus of variations were driven by concrete prob-
lems, mainly in Physics. In these applications the underlying Banach space
is a suitable function space, depending on the context as we are going to see
explicitly later. Major parts of the existence theory of solutions of nonlinear
partial differential use variational methods (some are treated in Chapter 32).
Many other applications can be found for instance in the e-book [10. Here the
function spaces which are used are often the so-called Sobolev spaces and the
successful application of variational methods rests on various types of embed-
dings for these spaces. Accordingly we present here very briefly the classical
aspects of the theory of Sobolev spaces as they are used in later applications.
Some parts of our presentation will just be a brief sketch of important results;
this applies in particular to the results on the approaximation of elements of
a Sobolev space by smooth functions. A comprehensive treatment can for in-
stance be found in the books 2, [1/and a short introduction in [10.

We assume that the reader is familiar with the basics aspects of the theory
of Lebesgue spaces.



1.2. BASIC DEFINITIONS 9

1.2 Basic definitions

Let (2 C R" be a nonempty openset, and for k =0,1,2,... and 1 < p < o intro-
duce the vector space

ckrl(Q) = {u € CHQ): D*u e LP(Q), |a] < k}.
Here &« = (ay,...,ay,) is an n-tuple of number a; = 0,1,2,... and |a| = Y, a;,

and D*u = -2“%__On this vector space define a norm for 1 < p < co by

061 2T
Ok -3

1/p
[ully,, = (Z HD“uH,’Z> : (1.1)

| <k

and for p = co by
1fllie = Y ID*fll ooy (1.2)

|| <k

The Sobolev space W*?(Q)) is by definition the completion of C¥*/(Q)) with re-
spect to this norm. These Banach spaces are naturally embedded into each
other according to

WEP(Q) c WEIP(Q)--- c WOP(Q) = LP(Q).
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Since the Lebesgue spaces L”(()) are separable for 1 < p < oo one can show
that these Sobolev spaces are separable too. For 1 < p < oo the spaces L7(QQ)
are reflexive, and it follows that for 1 < p < oo the Sobolev spaces W*?(Q)) are
separable reflexive Banach spaces.

There is another equivalent definition of the Sobolev spaces in terms of weak
(or distributional) derivatives due to Meyers and Serrin (1964) 17, [1:

WEP(Q) = {f € LP(Q) : D*f € LP(Q) (weakly) for all |a| < k}. (1.3)

Here D" f stands for the weak derivative of f, i.e. for all ¢ € C°(Q)) one has in
the sense of Schwartz distributions on ()

(D*f,¢) = (~)" [ fx)D%

Theorem 1.2.1 Equipped with the norms (1.1) respectively (1.2) the set W*P(Q)) is
a Banach space. In the case p = 2 the space W*?(Q)) = H*(Q) is actually a Hilbert
space with the inner product

(F.8) = X | DF(x)- Dg(x)Dx. (1.4

lae| <k
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The spaces WP (Q)) are called Sobolev spaces of order (k,p).

Proof. Since the space LP(Q) is a vector space, the set WE?(QQ) is a vector space too, as a subspace of L¥(Q2). The norm properties of
[l Lr (o) easily imply that [|-||,ykp ) is also a norm. O

The local Sobolev spaces Wllz)’f (Q)) are obtained when in the above construction
the Lebesgue space LP(Q)) is replaced by the local Lebesgue space LI (Q).

loc
Elements in a Sobolev space can be approximated by smooth functions, i.e.,

these spaces allow mollification. In details one has the following result.

Theorem 1.2.2 Let () be an open subset of R", k € Ng =IN U {0} and 1 < p < co.
Then the following holds:

a) For u € Wllz)’f (Q)) there exists a sequence u, € C*(Q) of C* functions on ()
which have a compact support such that u,, — u in W7 (Q).

loc
b) C®(Q) NWkP(Q) is dense in WP (Q)).
¢) C=(R") is dense in WFP(IR).

Proof. Here we have to refer to the literature, for instance 2 [1. O

Naturally, the space C°(Q) is contained in W*?(Q)) for all k = 0,1,2,... and
all 1 < p < oo. The closure of this space in W*?(Q) is denoted by W7 (Q).
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In general W, (Q) is a proper subspace of W*?(Q)). For Q) = R" however
equality holds.

The fact that W7 (Q) is, in general, a proper subspace of W?(Q) plays a
decisive role in the formulation of boundary value problems. Roughly one
can say the following: If the boundary I' = 0(} is sufficiently smooth, then
elements u € W5P(Q)) together with their normal derivatives of order < k — 1
can be restricted to I. And elements in Wg”g (Q)) can then be characterized
by the fact that this restriction vanishes. (There is a fairly technical theory
involved here [1). A concrete example of a result of this type is the following
theorem.

Theorem 1.2.3 Let () C R" be a bounded open subset whose boundary I' = d() is
piecewise C1. Then the following holds:

(a) every u € HY(Q) has a restriction ~you = u|T to the boundary;
(b) HY(Q)) =keryo = {u € H(Q) : yo(u) =0}.

Obviously, the Sobolev space W*?(Q)) embeds naturally into the Lebesgue
space L(Q)). Depending on the value of the exponent p in relation to the
dimension n of the underlying space R" it embeds also into various other



1.2. BASIC DEFINITIONS 13

functions spaces, expressing various degrees of smoothness of elements in
WEP(Q)). The following few sections present a number of (classical) estimates
for elements in W*?(Q)) which then allow to prove the main results concerning
Sobolev embeddings, i.e.,, embeddings of the Soboloev spaces into various
other function spaces.

A simple example indicates what can be expected. Take ¢ € CZ°(IR") such
that ¢(x) =1 for all |x| <1 and define f(x) = |x|7¢¥(x) for x € R", for some
g €R. Then Vf € LP(R")" requires n + (g — 1)p > 0, or

g>1——.

p
Therefore, if 1 < p < n then g < 0 is allowed and thus f can have a singularity
(at x = 0). If however p > n, then only exponents g > 0 are allowed, and then
f is continuous at x = 0. The following estimates give a much more accurate
picture. These estimates imply first that we get continuous embeddings and

at a later stage we will show that for exponents 1 < p < n these embeddings
are actually compact, if () is bounded.

We start with the case n < p < +o0.
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1.3 Morrey’s inequality

Denote the unit sphere in R” by S and introduce for a Borel measurable set
[' C Swith o(T') > 0 (¢(T') denotes the surface measure of T') the sets

Iy, ={x+tw:wel,0<t<r}, xeR", r>0.

I'y, is the set of all lines of length r from x in the direction w € I'. Note that for
measurable functions f one has

. f(y)Dy = /OrDtt”_lfrf(x + tw)Do (w). (1.5)

Choosing f =1 we find for the Lebesgue measure of I' ,:

Ty, =71"o(T)/n. (1.6)

Lemma 1.3.1 If S, x,r are as above and u € C1(T,) then

[ ) —upy <= [ VL, 17

nJr,, |x—y|" !
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Proof. Fory=x+tw,0<t<rand w €T one has

u(x +tw) —u(x) = /Otw - Vu(x + sw)Ds
thus integration over I' yields
/F|u(x+tw) —u(x)|Do(w) < /t/ |Vu(x + sw)|Do(w)Ds
/ o1 [ |Vu(x+sw)] Vi so)l b ps

T |x+sw—x|r1

VUl o [ 9L,
T

S Jrg ly—xT T, Jy — x|t

If we multiply this inequality with #*~! and integrate from 0 to r and observe Equation we get (1.7). O

Corollary 1.3.2 For any n < p < +o0, any 0 < r < oo, any x € R" and any Borel
measurable subset T C S such that o(T') > 0, one has, for all u € C1(T,,)

u(x)| < Clo (D), p) [ ror,, (1.9

A/ a-1/p 1 1-1/p

Proof. Clearly, |u(x)| < |u(y)| + |u(x) — u(y)|, for any y € I'y,; integration over I'y, and application of gives
" \%
Pl = [ ueipy< [ oy + = [ VWL,

JLxr x,r |x_y|n 1

with
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Now apply Holder’s inequality to continue this estimate by

" 1
<||u It o+ —=Vu — (1.9)
leller oy Wllzae,) + 5 1Vl @) | == )
where g is the Holder conjugate exponent of p, i.e., g = %. Calculate
1 N
Hnl =i/ (U(T) £ ) ' (1.10)
|- L9(Ty,) p—n

and insert the result into (1.9). A rearrangement and a simple estimate finally gives (1.8). ]

Corollary 1.3.3 Consider n € IN and p € (n,+o0|. There are constants A = A, and
B = B! (B, given by (1.12)) such that for any u € C'(R") and any x,y € R" one
has (r = |x — y|, B(x,r) is the ball with center x and radius r)

p—1

1\ 7 .
u(y) —u(x)| <2BAY? (%) IVull g rynp ) 1% —y|'r. (11

Proof. Certainly, the intersection V = B(x,r) N B(y,r) of the two balls is not empty. Introduce the following subsets I', A of the unit
sphere in R” by the requirement that x + T = (0B(x,r)) N B(y,r) and y + rA = (8B(y,r)) N B(x,r), i.e, T = 1(aB(x,r) N B(y,r) — x)
and A = %(aB(y,r) N B(x,r) —y) = —T. Itis instructive to draw a picture of the sets introduced above.

Since 'y, =Ty and Ay, =7rA, 1 we find that

. |1"x,r N Ay,r| o |Fx,l N Ay,1|

= = 1.12
O Ty (1.12)

is a number between 0 and 1 which only depends on the dimension 7. It follows |T'x ;| = |Ay;| = B, HW|, W =T, N Ay,
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Now we estimate, using Lemma and Holder’s inequality

u(x) = u(IWI < [ u(x) ~u(z)|Dz+ [ [u(z) - u(y)|D=

< [ u) —u@Dz+ [ Ju(z) - u(y)|Dz
JTxr - Ay,r
n n
ALY O
n Jry, |x —y|"= n Ja,, lz—y|""
" 1 1
< — [ [Vl [T + [Vl [PV
n ( LP(Tyr) |x — |1 L9(Te) LP(Ay,r) ly —-|n—1 1(Ay,)
" 1
<2—||Vu — .
n ‘ HLP(V) | . |n71 L9(To,)
Taking (1.10), (1.12) and into account and recalling r = |x — y/|, estimate (1.11) follows with A = o(T') . ]

Theorem 1.3.4 (Morrey’s inequality) Suppose n < p < +oo and u € WP(R").
Then there is a unique version u* of u (i.e., u* = u almost everywhere) which is Holder

continuous of exponent 1 — %, e, u* € Co’l_%(IR”) and satisfies

1870 o1 gy < € Ntlwnre (1.13)

where C = C(n, p) is a universal constant. In addition the estimates in (1.7), (1.8)
and (1.11) hold when u is replaced by u*.

Proof. At first consider the case n < p < c0. For u € C!(IR") Corollaries and imply (Cp(IR") denotes the space of bounded
continuous functions on R")
u(y) —u()|

[ullg,(rny < Cllullwrprny and 1
ly—x"?

< ClIVullpp (gn)-
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This implies
H”HCOJ—%(RH) < Cllullwip g - (1.14)

If u € WYP(IR") is given, there is a sequence of functions uj € CL(R") such that uj — uin WLP(R"). Estimate lb implies that this

sequence is also a Cauchy sequence in ¥y (R™) and thus converges to a unique element u* in this space. Clearly Estimate (1.13)
holds for this limit element #* and u#* = u almost everywhere.
The case p = o and u € W'P(R") can be proven via a similar approximation argument. 0

Corollary 1.3.5 (Morrey’s inequality) Let () be an open bounded subset of R" with
smooth boundary (C!) and n < p < co. Then for every u € WY P(Q) there exists a

. ) . 01-12 C o
unique version u* in C"~ v (Q)) satisfying

70 o ) < Clt - (1.15)

with a universal constant C = C(n,p, Q).

Proof. Under the assumptions of the corollary the extension theorem for Sobolev spaces applies according to which elements in
WLP(Q) are extended to all of R” by zero such that there exists a continuous extension operator ] : Wi7(Q) — WP (R") (see for

instance Theorem 48.35 of [10). Then, given u € W?(Q), Theorem implies that there is a continuous version U* € ™=y (R™) of
Ju which satisfies (1.13). Now define u* = U*|q. It follows

1970 gor- gy < N gy < CWtllwnrcry < Clltlnogey-
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1.4 Gagliardo-Nirenberg-Sobolev inequality

This important inequality is of the form
lulls < Cl[Vullyp, ueC(RY) (1.16)

for a suitable exponent g for a given exponent p, 1 < p < n. This exponent
is easily determined through the scale covariance of the quantities in this in-
equality. For A > 0 introduce u, by setting 1, (x) = u(Ax). A simple calculation
shows [[uxll;s = A" u||,; and ||Vu,||;» = AT"P||Vul|,,. Thus inserting u,
into (1.16) gives

AT Jul g < CATMP [V u|
for all A > 0. This is possible for all u € C}(R") only if

1 1 1
l—-n/p+n/q=0, ie, —=—+—-. (1.17)
p n q
It is a standard notation to denote the exponent g which solves (1.17]) by p*,
1.e.,

np
h—p
with the understanding that p* = co if p = n.

pr=
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As we will show later the case 1 < p < n can easily be reduced to the case
p =1, thus we prove this inequality for p =1, ie., p* =1" = .

n—1
Theorem 1.4.1 For all u € WY(IR") one has

1
n n _l
Jully =l o, <TT( [ JunolDx )" <n 3 vul, @19
=1

Proof. According to Theoremevery element u € W' (R") is the limit of a sequence of elements u; € C! (R"). Hence is suffices to
prove this inequality for u € C! (R"), and this is done by induction on the dimension 7.

We suggest that the reader proves this inequality for n = 1 and n = 2. Here we present first the case n = 3 before we come to the
general case.

Suppose that u € C}(IR®) is given. Observe that now 1* = 3/2. Introduce the notation x
X3 = (x1,%2,y3). The fundamental theorem of calculus implies fori =1,2,3

Xi . [e] .
u@)| < [ )y < [ [au(x)|Dy;,

hence multiplication of these three inequalities gives

1 2

= (y1,%2,%3), x* = (x1,¥2,%3), and

it <TT( [ ateion )

i=1

Now integrate this inequality with respect to x; and note that the first factor on the right does not depend on x1:

/]R |M(X)|%DX1 = (/_O:o al”(x1)|D]/1> % /]Rlli (/—o:o |aiu(xi)|D3/i) % Dx;

Apply Holder’s inequality (for p = g = 2) to the second integral, this gives the estimate

<(/f °;|alu<x1>|Dy1)% [1( /7 jowta s )

i=2
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Next we integrate this inequality with respect to x; and apply again Holder’s inequality to get

/]Rz lu(x)|3Dx;Dxs

. 3 "0 3 oo 1
< (/}R2 |azu(x2)|Dx1Dyz) /]R (/_oo |81u(x1)Dy1) </ . |83u(x3)|Dx1Dy3) Dx;,
: 1, |
< (/]R2 |azu(x2)|Dx1Dy2> </}R2 |9y u(x! Dlex2> (/ |93 (x |Dx1Dx2Dy3) )

A final integration with respect to x3 and applying Holder’s inequality as above implies

1
3 1 2
/]R3 |u(x)|2Dx1Dx;Dx3 < (/]R3 |0 u(x )|Dy1Dx2Dx3) X
1
, 1. 1
(/]R3 |82u(x2) DxlDyzDX3) (/IRS' |83u(x3)|Dx1szDy3) =

3 . 1 !
H (/11{3 |aiu(x)|Dx1DX2Dx3> < <~/IR3 VM(X)|DX1DX2DX3>
i=1

which is the claimed inequality for n = 3.

The general case uses the same strategy. Naturally some more steps are necessary. Now we have 1* = "= For x = (x1,..., X5

introduce the variables x' = (x1,.-+,Xi_1,Yi,Xi+1,---,Xn). The fundamental theorem of calculus implies fori =1,...,n

x)| < [ [ou() Dy,

()l <] (/|au |Dyz)”11.

Recall Holder’s inequality for the product of n — 1 functions in the form

and thus

n
SI—[HfiHn—l
i=2

1

21

) €ER"

(1.19)

(1.20)
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and integrate (1.19) with respect to x; to get

1 1
1

Jlonuteiog )" [T ( f o)1) pxy
I1

i=2

1
. n—1
(/]Rz |Bl-u(xl)|Dx1Dyi>

1
n—1 g n—1
Jlonuteipyn ) ( [ o) D3y

R2

IN
= -~ N -~/ N /
T
K3
oy
=
~—
=
-
-
)
<
[y
N~
T
0
N

where in the last step we isolated the x; independent term from the product. Now integrate this inequality with respect to x, and apply
(1.20) again. This implies, after renaming the integration variable y,,

1
n n—1
/IR lu(x) |71 Dxy Dy < ( /IR 2 |82u(x)|Dx1Dx2>

1

X /]R </]R |81u(x)]Dx1> " 112[) (/]Rz |aiu(xi)Dx1Dyi> ﬁsz <

1 1
= =
(/IRZ |E)2u(x)|Dx1Dx2> </1RZ |81u(x)|Dx1Dx2>

1
n X n—1
<] (/ , |8iu(xl)|Dx1Dx2Dyi>
i=3 \/R
2 1 n

1
= , =
= </IR2 aiu(x)|Dx1Dx2> X </IR3 aiu(x’)|Dx1Dx2Dyi) .
j i=3

i=1
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Obviously one can repeat these steps successively for x3, ..., x, and one proves by induction that for k € {1,...,n} we get the estimate

_n_
n—1

, k /o,
/ [u(x)|=TDx1Dxz - Daxy < I (/ . |aiu(x)|Dx1Dx2-~~ka>
R 1 \UR

n

n n—1

X H (/IR"“ |8iu(xi)|Dx1Dx2-"kaDyi)

i=k+1

where naturally for k = n the second product does not occur. Thus for k = n one has
. n =
lu(x)|"TDx1Dxp---Dxy <] | (/ |0;u(x)|Dx1Dxy - - .Dxn>
R" i1 \JR"

In order to improve this estimate recall Young’s inequality in the elementary form [T ; A; < %Z?:l Al', where A; > 0. Thus we get

1
n ° 10
Jull o Sﬂ(/w puu(xiDr) " < nz;_/w 0,u(x) Dx

and by Holder’s inequality one knows Y} ; [0;u(x)| < /n|Vu(x)|, hence ||u\| \% |V, O

Remark 1.4.2 The starting point of our estimates was the identity u(x) = [*_9;u(x")Dy;
and the resulting estimate

x)\ﬁ/ Qu(x)|Dy;, i=1,...,n.
R

u(x) = % (/x;aiu(xi)dyi — /xoo

1

If we write

8iu(xi)Dyi> ,
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we can improve this estimate to

1 Z- .
lu(x)] §§A|8iu(x)]Dyi, i=1,...,n.

Next we look at the case 1 < p < n. As we will see it can easily be reduced to
the case p = 1.

Theorem 1.4.3 (Gagliardo-Nirenberg-Sobolev inequality) If 1 < p < n then,

for all u € W'P(R"), with p* = /&,

1 p(n—1)
. < == |V (1.21)

Proof. Since elements in W7 (IR") can be approximated by elements in C} (R") it suffices to prove Estimate (1.21) for u € C! (R"). For
such a function u consider the function v = |u|* € C} (R") for an exponent s > 1 to be determined later. We have Vo = s|u|*~!sgn(u) Vu
and thus by applying (1.18) to v we get

1 s
ul®lls < —=|IV0ul’lly = Hu51VuH HuSlH Vu 1.22
el < = 191 = 5= (s WA (122)
where g is the Holder conjugate exponent of p. Note that this estimate can be written as
4] 53+ _fll s g V72l -
Now choose s such that s1* = (s — 1)gq. This gives s = qil =5 - and accordingly the last estimate can be written as
1
]l fll ully [ Vul],-

Inserting the value s = £ ;g 5 of s now yields (1.21). ]
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Corollary 1.4.4 Suppose that QO C R" is a bounded open set with C'-boundary. Then
forall p € [1,n) and 1 < g < p* there is a constant C = C(Q), p,q) such that for all
uewWhr(Q)
Jull, < Cllul,
Proof. Under the given conditions on Q) one can show that every u € W7 (Q) has an extension to Ju € W'/P(R") (i.e., Ju|Q = u and
J: WLP(Q) — WLP(IR") is continuous). Then for u € C1(Q) NWP(Q)
HuHLp*(m < C||]“||Lp*(1Rn) < CIVUIW) ey < Cllullwir ) - (1.23)

Since C!(Q) is dense in W7 (Q), this estimate holds for all u € W'7(Q). If now 1 < g < p* a simple application of Holder’s inequality
gives

el agery < el o ey N1l sy = el e oy 11T < CLOY* [ty
() ) (@) (@)

1,1 _1
wheres+p* g

1.4.1 Continuous Embeddings of Sobolev spaces

In this short review of the classical theory of Sobolev spaces we can only dis-
cuss the main embeddings results. In the literature one finds many additional
cases.

For convenience of notation let us introduce, for a given number r > 0,

r ifr%No
r+o0 ifre Ny

ry =
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where 6 > 0 is some arbitrary small number. For a number r = k 4+ a with
k € Npand 0 < & < 1 we write C"(Q) for C**(Q).

Lemmal45 Foric Nand p>nandi>n/p (ie,i>1if p>nandi>2if
p = n) one has | |

WP (Q) — CI=/P+(())
and there is a constant C > 0 such that for all u € W"P(Q)

litllgiormns gy < C llull, (1.24)

Proof. As earlier it suffices to prove (1.24) for u € C*®(Q2). For such u and p > n and |a| < i — 1 apply Morrey’s inequality to get
ID*ullonr-ws(r) < CIID"u;,

and therefore with C'="/P(Q) = C"=117"/P(Q), we get (1.24).
If p =n (and thus i > 2) choose g € (1,n) close to n so thati > n/g and q* = nq—fq > n. Then, by the first part of Theorem li and
what we have just shown
W(Q) — WH(Q) — WM (Q) — 21717 ().
As g1 nimplies n/g* | 0, we conclude W (Q)) — C'=2%(Q) for any & € (0,1) which is written as

W (Q) — ¢+ ().

Theorem 1.4.6 (Sobolev Embedding Theorems) Assume that (3 =R" or that ()

is a bounded open subset of R" with a C'-boundary; furthermore assume that 1 < p <
oo and k,m € IN with m < k. Then one has:
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(1) If p < n/m, then WeP(Q) — WE(Q)) for q = =0 or o =1 — >0, and
there is a constant C > 0 such that

[/l g < Cllully, forallue WEP(Q)). (1.25)

(2) If p > n/k, then WoP(Q) — Ck=/P)+(Q)) and there is a constant C > 0 such
that

tll gy, oy < Clully,  forall u e Wo(Q). (1.26)

Proof. Suppose p < n/m and u € WFP(Q); then D*u € WP(Q) for all |a| < k — 1. Corollary implies D*u € L¥ (Q) for all
|«| < k — 1 and therefore W5? (Q)) < WK=1P"(Q) and there is a constant C; > 0 such that

ull—1,p, < Callelly, (1.27)

for all u € WP (Q), with p; = p*. Next define p;, j > 2, inductively by p; = pi_s. Thus pi] = ﬁ — 1 and since p < n/m we have

Pim = % — &> 0. Therefore we can apply 1} repeatedly and find that the following inclusion maps are all bounded:
WEP(Q) < WELPL(Q) < WE=2P2(Q)) - s WP ()

and part (1) follows.

In order to prove part (2) consider p > n/k. For p > n the statement follows from Lemma([I.4.5 Now consider the case n > p > n/k
and choose the largest m such that 1 <m < k and n/m > p. Define g > n by g = nfﬁw (i.e., % = % — & > 0). Then, by what we have
established above, the following inclusion maps are all bounded:

WP (Q)) s WEM(Q) s CEom=1/0)+ () = ck—m=(—m)+ (Q) = ck-(/p)+ ()

which is the estimate of Part (2). O



28 CHAPTER 1. SOBOLEV SPACES

In the case p =2 and () = IR” one has the Fourier transform F available as a
unitary operator on L?(IR"). This allows to give a convenient characterization
of the Sobolev space H*(R") = W*?(IR") and to prove a useful embedding

result.
Recall that for u € H*(IR") one has F(D*u)(p) = iflpfF(u)(p). Hence we
can characterize this space as

H*(R™) = {u € L*(R") : p*F(u) € L*(R"), |a| <k}
- {u e L2(R") : (1+ p?)V2F (u) € Lz(]R”)}.

This definition can be extended to arbitrary s € R and thus we can introduce
the spaces

HS(R") = {u e L2(R") : (1 + p?)¥2F (u) € Lz(IR”)}.

As we are going to show this space can be continuously embedded into the
space

Cy(R") = {f € C*(R") 1 || flly o = sup sup [D*f(x)] < 00} -

|| <k x€R"
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Theorem 1.4.7 For k € IN and s > k + n/2 the Sobolev space H*(IR") is continu-
ously embedded into the space C¥(IR") and one has for all u € H*(IR")

]

koo < Cllul

s,27

lim |D*u(x)| =0, |a| <k.
| x|—00

Proof. Recall that the Lemma of Riemann-Lebesgue says that the Fourier transform of an L! (IR") function is continuous and vanishes
at infinity. For |a| <k and s > k 4 n/2 one knows

‘p20¢| Dp=C3>< oo
e (14 p2ye P

Thus, for u € H*(R") we can estimate
. . 1/2
[ EnmIp<cy( [ 0+ RrIFupPDp) =l

and therefore for all x € R”

D)) =| [ P PHFuEIDP] < Callula.

It follows ||| , < [[u[|s,- By applying the Lemma of Riemann-Lebesgue we conclude. O

1.4.2 Compact Embeddings of Sobolev spaces

Here we show that some of the continuous embeddings established above
are actually compact, that is they map bounded subsets into precompact sets.
There are various ways to prove these compactness results. We present a proof
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which is based on the characterization of compact subsets M C L7(IR"), due to
Kolmogorov and Riesz (15| 21.

Theorem 1.4.8 (Kolmogorov-Riesz compactness criterion) Suppose 1 < g < co.
Then a subset M C L1(IR"™) is precompact if, and only if M satisfies the following three
conditions:

(a) M is bounded, i.e.,
EIC<oo erM Hf” <C;

(b)
Ve~0 Ir<co VeM Hﬂljz_qu <€
(c)
Ves0 Jr>0 erM V]yelnzn Ty(f) _qu < €.
y|<r

Here the following notation is used: 75 is the operator of multiplication with
the characteristic function of the set {x € R": |x| > R} and 7, denotes the op-
erator of translation by y € R”, i.e., 7,(f)(x) = f(x + v).

Remark 1.4.9 If O C R" is an open bounded subset we can consider L1(Q)) as a
subset of L1(R"™) by extending all elements f € L1(Q)) by 0 to all of R". Then the above
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characterization provides also a characterization of precompact subset M C L1(Q))
where naturally condition (b) is satisfied always and where in condition (c) we have
to use these extensions.

There are several versions of compact embedding results depending on the
assumptions on the domain () C R” which are used. The following version
is already quite comprehensive though there are several newer results of this

type.

Theorem 1.4.10 (Rellich-Kondrachov compactness theorem) Let (2 C R" be a
bounded domain. Assume that the boundary of () is sufficiently smooth and that
1<p<ooandk=1,2,.... Then the following holds:

(a) The following embeddings are compact:
(i) kp <n: WeP(Q) = L1(Q),1 < g < p* = nf’;p;
(ii) kp = n: WFP(Q) — L1(Q), 1 < g < o0;
(iii) kp > n: WP (Q)) < C)(Q).

(b) For the subspaces Wg’p(Q) the embeddings (i) - (iii) are compact for arbitrary
open sets ().
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Proof. In some detail we present here only the proof of embedding (i) of part (a) for k = 1. For the remaining proofs we refer to the
specialized literature 2} [11

According to Corollary- 1.4.4] the inclusion mapping W7 (Q) < L1(Q) is continuous for 1 < g < p*. We have to show that every
bounded subset M C W*P(Q)) is precompact in L7(Q)) for 1 < g < p*. This is done by the Kolmogorov-Riesz compactness criterion. By
Remarkm only conditions (a) and (c) have to be verified for M considered as a subset of L7((}). Since we know that this inclusion
map is continuous, it follows that M is bounded in L7(Q2) too and thus Condition (a) of the Kolmogorov-Riesz criterion is verified and
we are left with verifying Condition (c).

Observe that for 1 < g < p* Holder’s inequality implies

- 1p*—q
ull, < lJullf )", «=-5—1€(0,1).
7 LR gp*—1

Now let M C W7 (Q)) be bounded; then this set is bounded in L?" () and hence there is a constant C < oo such that for all u € M we
have
[l < Cllully

and it follows
[yu —ul[, <2C||z,

VueM (1.28)

where we assume that for u € W7 (Q) the translated element T,u is extended by zero outside (). Therefore it suffices to verify condition
(c) of Theorem [1.4.8)for the norm |-||;. For i = 1,2,... introduce the sets

Q;={xeQ:d(x,00Q)>2/i},

where d(x,0Q)) denotes the distance of the point x from the boundary 0Q) of Q). Another application of Holder’s inequality gives, for

allu e M,
1/p* 1—%*
< P
/Q\Q,- |u(x)|Dx < </ x)| Dx) < 00, x)

1- %
< Jull e O\ < Curl N[
where Cy; is a bound for M in LP" (Q)). Given € > 0 we can therefore find iy = iy(€) such that for i > i,

/ |u(x)|Dx < e/4
O\Q;
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holds for all u € M. Extend u € M outside () by 0 to get

a(x) = {u(x), xeQ),

0, otherwise.

For a fixed i > ip and y € R", |y| < 1/i, we estimate
| yu —ul|, = / lu(x +y) —u(x \Dx+/ i(x+y) —a(x)|Dx
g/ |1 ( x+y)—u(x)\Dx+e/2
Q;

And the integral is estimated as follows (p’ denotes the Holder conjugate exponent of p):

Dx—/ ‘/y Vux+tyDth<|y|/ |Vu(x)|Dx

1
< IyIIszIP IVl p oy < IyHOzz\P C<lylla]”c

It follows that there is rg > 0 such that ||7,u — u||, < € for all |y| < ro. By estimate (1.28) we conclude that Condition (c) of Theorem
holds and therefore by this theorem M C W7 (Q) is precompact in L7(Q)). O

Remark 1.4.11 The general case of W*F(Q)) with k > 1 follows from the following
observation which can be proven similarly.

Form >1and ; > — " > 0 the inclusion of W*?(Q)) into W*"1(Q0) is
compact.
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x+ 1l y+rA

r=l—y

Figure 1.1: Intersecting balls and the related sets I'y » and A,



Chapter 2

Hilbert-Schmidt and trace class operators

Abstract: This chapter introduces two subspaces of the space of compact oper-
ators and presents their theory in substantial detail. These spaces of operators
are important in various areas of functional analysis and in applications of op-
erator theory to quantum physics. Accordingly, after the characterization of
Hilbert-Schmidt and trace class operators has been presented, the spectral rep-
resentation for these operators is proven. Furthermore the dual spaces (spaces
of continuous linear functionals) of these two spaces of operators are deter-
mined and their rdle in the description of locally convex topologies on the
space B(H) of all bounded linear operators on a Hilbert space H is explained.
Finally two results are included which are mainly used in quantum physics:

35
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Partial trace for trace class operators on tensor products of separable Hilbert
spaces and Schmidt decomposition.

2.1 Basic theory

Since they are closely related we discuss Hilbert-Schmidt and trace class oper-
ators together.

Definition 2.1.1 A bounded linear operator A on a separable Hilbert space H is called
a Hilbert-Schmidt operator respectively a trace class operator if, and only if, for
some orthonormal basis {e, : n € IN} the sum

Y Nl Ae|? =Y (en, A" Aey)
n=1

n=1
respectively the sum

Y (en |Alen) = 2 H|A|1/2
n=1

is finite, where | A| is the modulus of A ( Deﬁnztzon 21.5.1).
The set of all Hilbert-Schmidt operators (trace class operators) on H is denoted by

By(H) (Bi(H)).



2.1. BASIC THEORY 37

Lemma 2.1.2 The two sums in Definition [2.1.1|do not dependent on the particular
basis and thus one defines the trace norm ||-||, of a trace class operator A by

o0

1Al = ) (en [Alen) (2.1)

n=1

and the Hilbert-Schmidt norm ||- ||, of a Hilbert-Schmidt operator A by

1/2 _ 1/2
|A[l, = |A"All} Z | Aey| (2.2)

Proof. Parseval’s identity implies for any two orthonormal bases {e, : 7 € N} and {f, : n € N} of H and any bounded linear operator

B
Z ||BenH = Z Z I{ Ben/fm = Z HB*meZ .

n=1m=1 m=1

Take another orthonormal basis {4, : n € N}, the same calculation then shows that we can continue the above identity by

- 2 - 2
Y B hall” =) |IBex|”,
n=1

m=1

since B** = B, and hence this sum is independent of the particular basis. If we apply this identity for B = | A|!/2 we see that the defining
sum for trace class is independent of the particular choice of the basis. O

Corollary 2.1.3 For every A € By(H) one has || A||, = ||A*||,-

Proof. This is immediate from the proof of Lemma
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Basic properties of the set of all Hilbert-Schmidt operators and of the Hilbert-
Schmidt norm are collected in the following theorem.

Theorem 2.1.4 a) By(H) is a vector space which is invariant under taking adjoints,
ie., A € By(H) if, and only if, A* € Bo(H); furthermore for all A € By(H),

1A%, = [[All; ;
b) The Hilbert-Schmidt norm ||-||, dominates the operator norm ||-||, i.e.,
Al < JlAl,
forall A € By(H).

¢) Forall A € By(H) and all B € B(H) one has AB € By(H) and BA € By(H)
with the estimates

1ABl, < lAll, [[BIl, IBA[l, < IIBII|A]l
i.e., Bo(H) is a two-sided ideal in B(H).
d) The vector space B, (H) is a Hilbert space with the inner product

<A,B>H5 = i(Aen,Ben> = TI'(A*B), A,B € 82(7'[) (23)

n=1
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and the Hilbert-Schmidt norm is defined by this inner product by || A||, = v/ (A, A) us.

Proof. a) 1t is obvious that scalar multiples AA of elements A € B,(H) again belong to B,(H). If A,B € By(H) and if {e,} is an ONB
then the estimate )
1(A + B)eul|* < 2(]| Aeu|* + || Bex|*)
immediately implies A + B € By(H). Thus B(H) is a vector space. Corollary now implies that for A € B(#) also A* € By(H)
and [|A*[|; = [|A[l,-
b) A given unit vector i1 € H can be considered as an element of an ONB {e, }, therefore we can estimate for A € B,(H)

2 2 2
IAR* < ) [l Aen|” = |All2,
n

and it follows
|A|l =sup{|[Ah]| : h € H, [|h]| =1} < [|A]],.

¢) For A € By(H) and B € B(H) and every basis vector e, one has || BAe,||* < || B||*|| Ae,||* and thus implies || BA||, < ||B] || All,-
Next part a) says | AB||, = || (AB)*|, = ||B*A*||, < ||B*||||A*||, = ||B|| ||All,. And it follows AB,BA € By(H).
d) For an ONB {e,, } and any A, B € B,(#) one has, using Schwarz’ inequality twice,

Y [(Aen, Beu)| < [|All|IB,-
n

We conclude that is well defined on B, () and then that it is a anti-linear in the first and linear in the second argument. Obviously
(A, A)gs > 0 forall A € By(H) and (A, A)ys = 0if, and only if, Ae, = 0 for all elements e, of an ONB of H, hence A = 0. Therefore
is an inner product on B,(#) and clearly this inner product defines the Hilbert-Schmidt norm.

Finally we show completeness of this inner product space. Suppose that { A, } is a Cauchy sequence in B,(*). Then, given € > 0,
there is 1o such that ||A;; — Ay||, < € for all m,n > ng. Since ||A|| < ||Al|, this sequence is also a Cauchy sequence in B(#) and hence it
converges to a unique A € B(#H), by Theorem 21.3.3. For an ONB {e~}, n > ng, and all N € N we have

m—o0 m—o0

N N
Y (A= Aef]|* = lim Y ||(Am — An)e;|| < Tim || Ay — Ay < €2
j=1 =

and conclude
(A~ AneP < e

hgk

j=1
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This shows A — A, € By(H), hence A=A, + (A — Ay) € Bo(H) and ||A — A, ||, < € for n > ng and A is the limit of the sequence { A, }
in the Hilbert-Schmidt norm. O

Though trace class operators share many properties with Hilbert-Schmidt op-
erators, some of the proofs are more complicated. For instance the fact that the
modulus of a bounded linear operator is not subadditive does not allow such
a simple proof of the fact that the set of all trace class operators is closed un-
der addition of operators, as in the case of Hilbert-Schmidt operators. For this
and some other important properties the following proposition will provide
substantial simplifications in the proofs (see also 9).

Proposition 2.1.5 For a bounded linear operator A on ‘H the following statements
are equivalent:

(a) For some (and then for every) ONB {e, } one has S1(A) =Y, (en, |Ale,) < oco.
(b) Sa(A) =inf{||B||,||C||, : B,C € Ba(H),A = BC} < oo.

(c) S3(A) =sup{Y, |{es, Afu)| : {en},{fn} are ONSin H} < oo

For A € Bi(H) one has S1(A) = S2(A) = S3(A) = || A|l;-

Proof. Suppose S1(A) < co. Write the polar decomposition A = U|A| as A = BC with B = U|A|'/2? and C = |A|'/2. Then

1BI3 = X ulal e,
n

<yl e = si(4) <o
n
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and ||C||3 = S1(A) < o0 and thus S5(A) < 51(A) < .
Next suppose that Sp(A) < oo and take any ONS {e, } and {f, } in H. Write A = BC with B,C € B,(#) and estimate

Y [{en, Afudl = Yo (B en, Cfa)l < (L IIB el ) > (L ICHN)?

< B[z ICll2 = 1Bl Il

It follows S3(A) < S3(A) < oo.
Finally assume that S3(A) < oo and take an ONB {e,, } for Ran(|A|). Then f,, = Ue, is an ONB for Ran(A) and thus we can estimate

51(A) = Z<en/ |Alen) = E<ean*Aen> = Z<fanen> < 53(A),

n n n

and therefore S1(A) < S3(A) < co.
If A € B1(H), then by definition S1(A) < co. The above chain of estimates shows S3(A) < S»(A) < S1(A) < S3(A) and thus we
have equality. O

Theorem 2.1.6 a) B1(H) is a vector space which is invariant under taking adjoints,
ie., A€ Bi(H) if, and only if, A* € B1(H); furthermore for all A € B1(H),

1A% = Al ;
b) The trace norm ||-||, dominates the operator norm ||-||, i.e.,
Al < [lAlly
forall A € Bi(H).
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c¢) Forall A € By(H) and all B € B(H) one has AB € By(H) and BA € B1(H)
with the estimates

IABI[, < [All, IBIl, [[BAll, < |BI|[|All;
ie., B1(H) is a two-sided ideal in B(H).

d) The vector space B1(H) is a Banach space under the trace norm ||-||,.

Proof. a) For a scalar multiple AA of A € B;(#) one obviously has S;(AA) = |AS1(A) and thus AA € By (H) and ||AA]l; = |A] || All;-
A simple calculation shows S3(A*) = S3(A) and therefore by Proposition2.1.5, A* € B1(#) whenever A € Bi(H) and || A*[|; = [|A];.

For A, B € B () we know by Proposition2.1.5]that S3(A) and S3(B) are finite. From the definition of S3(-) we read off S3(A + B) <
S3(A) + S3(B), thus S3(A + B) is finite, i.e., A+ B € B1(H).

If for A € By(H) one has ||Al|; =0, then |A|'/2e, = 0 for all elements of an ONB {e,} of H, hence |A|!/2 =0 and thus A = 0.
Therefore the trace norm ||-||, is indeed a norm on the vector space 51 ().

b) Given unit vectors ¢, f €  we can consider them as being an element of an ONS {¢,, } respectively of an ONS {f, } ; then

|<€/Af>| < Z‘<€n/Afn>| < S3(A),

it follows
|All =sup{|(e,Af)|:e.f € H,[le]| = | fl| =1} < S3(A) =[|A];-

c) If A € B1(H) has a decomposition A = CD with C,D € B,(H), then for any B € B(#), BA has a decomposition BA = BCD with
BC,D € By(H), by Theorem part c). We conclude

$2(BA) < [|BC|,[[Dll, < [[BIIICl] D1l

and thus Sy(BA) < ||B||S2(A) < co. It follows ||BA|; < ||B||||A|l;- Since we have established that B;(#) is invariant under taking
adjoints, we can prove AB € B () as in the case of Hilbert-Schmidt operators.

d) Finally we show completeness of the normed space B1(H). Suppose that {A,} is a Cauchy sequence in By (#). Then, given
€ > 0, there is ng such that ||A,, — Ay||; < € for all m,n > ng. Since ||A|| < ||A||; this sequence is also a Cauchy sequence in B() and
hence it converges to a unique A € B(# ), by Theorem 21.3.3.
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Fix n > ng; for any ONS {e¢;} and {f;} in # and any N € N we have

N N
> l(ej, (A= An)fi)| = lim 3 [{ej, (Am — An)fi)| < lim S3(Ap — Ay) <e
j=1 j=1

and conclude

Y I{er (A — An)fi)| <.

=1
This shows A — A, € B1(H), hence A=A, + (A—A,) € Bi(H) and ||[A — Aul|; <e. i

Corollary 2.1.7 The space of trace class operators is continuously embedded into the
space of Hilbert-Schmidt operators:

Bi(H) — Bo(H).
Proof. According to the definitions one has || A ||% = ||A*A||;. When we apply parts c), b), and a) in this order we can estimate

1A Ally < A" 1Ay < [A* ]l [Ally = 1A

and thus ||Al|, < ||Al]; which implies our claim. O

Corollary 2.1.8 On the space of all trace class operators the trace is well defined by
({en} is any ONB of H)

Tr(A) =) (en, Aen), A€ Bi(H). (2.4)

n

This function Tr : B1(H) — K is linear and satisfies for all A € B1(H)
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W [Te(A)| < Al
b) Tr(A*) = Tr(A);
¢) Tr(AB) = Tr(BA); forall B € B1(H);
d) Te(UAU*) = Tr(A); for all unitary operators U on H.

Proof. We know that A € B;(#) can be written as A = BC with B,C € By(H). For any ONB {¢, } we estimate

Y [{en, Aen)| < 3 _[1B"enll [Cenll < [[B[| [ICll, = [[BIl, [ICll, < o0
n n

and conclude
Y [ {en, Aen)| < S2(A) = || Al;.
n

As earlier one proves that the sum in does not depend on the choice of the particular basis. Linearity in A € B1(H) is obvious.
Thus a) holds. The proof of b) is an elementary calculation.
If A,B € B1(#) choose another ONB { f;,; } and use the completeness relation to calculate

Z(en,ABen> = Z *en, Bey) 22 *en, fm) (fm, Ben) =
—ZZ (B* fm,en){en, Afm) = Z<B fns Afm) = Z<fm/BAfm>f

m m

hence c) holds, since we know that the above series converge absolutely so that the order of summation can be exchanged. Part d) is
just a reformulation of the fact that the trace is independent of the basis which is used to calculate it. O

Theorem 2.1.9 (Spectral representation of Hilbert-Schmidt and trace class operators)
Let ‘H be a separable Hilbert space and denote by B.(H) the space of all compact op-
erators on H (see Theorem 22.3.1). Then
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a) Bo(H) C B.(H), i.e., Hilbert-Schmidt and thus trace class operators are compact.

b) A bounded operator A on H is a Hilbert-Schmidt operator respectively a trace
class operator if, and only if, there are two orthonormal bases {e, } and {x,} of H
and there is a sequence {\, } in K with

Y |Au]? < oo respectively Y |A,| < oo

n

such that
Ax = Z/\n<en,x>xn forall xeH (2.5)

and then one has

/ )
1Al = (Y [Au)) "2 respectively || All, = Y |Anl.

Proof. a) Suppose that {e,} is an ONB of H; denote by Py the orthogonal projector onto the closed subspace [ey, ..., eyn] spanned by
e1,...,en- Then for A € B,(H) one has

[e9)

2
|A—APY =Y (A~ APYenlP = Y [|Aea]?,
n n=N-+1

hence ||A — APy|| < ||A — APy||, — 0as N — oo. Therefore A is the norm limit of the sequence of finite rank operators APy and thus
compact by Theorem 22.3.2.

By Corollary 2.1.7jwe know B (H) C By(H), hence trace class operators are compact.

b) Suppose that A € Bj(H), j =1 or j =2, is given. By part a) we know that A and its modulus |A| are compact. The polar

decomposition (Theorem 21.5.2) relates A and |A| by A = U|A| where U is a partial isometry from ran |A| to ran A.
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According to the Riesz-Schauder Theorem (??) the compact operator | A| has the following spectral representation:

|Alx =) _Ai(ej,x)e; forall xeH (2.6)
i

with the specifications:

(i) A& >Ap>---> A1 > Ay >0 are the eigen-values of |A| enumerated in decreasing order and repeated in this list according to
their multiplicity;

(if) {ej} are the normalized eigen-vectors for the eigen-values A;;
(iii) the multiplicity of every eigen-value A; > 0 is finite, and if there are infinitely many eigen-values then A; — 0 as j — oc.

If the ONS {e]-} is not complete we can extend it to an ONB {¢/,} of # and calculate, using ,

Al =) (e |Aley) = Z)\j <o for A€Bi(H),

n ]
respectively

A =Y [[|Ale,[|* =Y A2 < oo for A€ By(H).
0 j

If we apply the partial isometry U to the representation we get (2.5) with x,, = Ue,.
Conversely suppose that an operator A has the representation (2.5). If Y, |A,|?> < oo holds one has

Y115 = X a3 = A L e ) = X
] n n j n

j

thus || A]|3 = ¥, |Au|? < co and therefore A € By(H).
Suppose that ), |A,| < o0 holds. In the Exercises we show that implies

|Alx =) _|Aul(en,x)en, x€H.
n

It follows ||All; = Tr(|A]) = X, [An| < 00, hence A € B;(H) and we conclude.
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Remark 2.1.10 One can define Hilbert-Schmidt and trace class operator also for the
case of operators between two different Hilbert spaces as follows: For two separa-
ble Hilbert spaces H, and Hy a bounded linear operator A : H1 — H, is called a
Hilbert-Schmidt operator if, and only if, there is an orthonormal basis {e, } of H1
such that

Y [l Aey|l3 < o0
n=1

where ||-||, is the norm of Ho.

A bounded linear operator A : H1 — H, is called a trace class operator or a
nuclear operator if, and only if, its modulus |A| = / A*A is a trace class operator
on Hi.

With this slightly more general definitions the results presented above still hold
with obvious modifications. We mention the spectral representation of Theorem 2.1.9,

A bounded linear operator A : H1 — Hy is a Hilbert-Schmidt respectively a trace
class operator if, and only if, it is of the form

o0

Ax = Z Anlel, x)qe?, forall x € Hq (2.7)

n=1

where { ¢!} is an orthonormal system in H;, i = 1,2 and where the sequence of num-
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bers A, # 0 satisfies Y, | An|* < oo respectively Y, | Ay| < .

2.2 Dual spaces for the spaces of compact and trace class operators

The space of linear operators on ‘H which have a finite rank is denoted by
B¢(H). The following corollary highlights important results which in essence
have been proven already in the last few theorems.

Corollary 2.2.1 For any separable Hilbert space H one has
Be(H) C Bi(H) C B(H) C B(H) C B(H)

and all the embeddings are continuous and dense. Bs(H) is dense in Bj(H), j = 1,2
and in B.(H).
Proof. In the proofs of the last two results it was shown in particular that

Br(M) C Bj(H) C B.(H), j=102

holds and that the finite rank operators are dense in B.(#) and in B;(#) for j = 1,2 . Parts b) of Theorem respectively Theorem
imply that the embeddings B;(H) — B.(H), j = 1,2, are continuous when B.(H) is equipped with the operator norm. By Corol-
ary we conclude. 0

According to Theorem 2.1.4/ the space of Hilbert-Schmidt operators B,(H ) is a
Hilbert space. Hence, according to the definition of the inner product (2.3) the
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continuous linear functionals f on this space are given by
f(A)=Tr(BA) forall A€ By(H) forsome B=B;cB(H). (2.8)

Part c) of Theorem [2.1.6/ says that the space of the trace class operators is a

two-sided ideal in B(H), hence Tr(BA) is well defined for all B € B(H) and
all A € B1(H) and Part a) of Corollary 2.1.8 allows to estimate this trace by

[Tr(BA)| < [IBl|A]l; - (2.9)

Therefore, for fixed B € B(H), fg(A) = Tr(BA) is a continuous linear func-
tional on By(H), and for fixed A € B1(#H), ga(B) = Tr(BA) is a continuous
linear functional on B(7?). Here we are interested in the space B;(H)’ of all
continuous linear functionals on B1(#) and in the space B.(#)’ of all contin-
uous linear functionals on B.(H) C B(#). Note that according to Corollary
2.2.1| the restriction of a continuous linear functional on B.(H) to By(H) is a
continuous linear functional on B,(?) and thus given by the trace, i.e., for-

mula (2.8).

Theorem 2.2.2 For a separable Hilbert H the space of all continuous linear function-
als B.(H)' on the space B.(H) of all compact operators on H and the space By (H) of
all trace class operators are (isometrically) isomorphic, i.e.,

B.(H) = Bi(H).
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The isomorphism B1(H) — B:(H)' is given by B — ¢p with
¢p(A) =Tr(BA) forall A € B.(H). (2.10)

Proof. As mentioned above, given F € B.(H)', we know F|g, (3 € B2(H)' and thus there is a unique B € By(#) such that
F(A)=Tr(BA) forall A€ By(H).

In order to show that actually B € B; () we use the characterization of trace class operators as given in Proposition and estimate
S3(B). To this end take any two ONS {e, } and {f, } in # and observe that there is &, € R such that

eiffo (fn,Ben) = |(fu, Ben)|.

Introduce the finite rank operators [e,, f,] defined by [e,, fu]x = (fu, x)e, and then the finite rank operators

m .
A= Z eiffn len, ful.
n=1

Since || Amx|* = £ 1 [(fu,x)|? < ||x||%, one has || Ay || < 1. Thus we write, for any m € N,
Z |{fn, Ben)| = Z e (fn,Ben) = Tr(BAn) = F(Am)
n=1 n=1

since (fy, Be,) = Tr(Blen, fu]). We conclude

m

Y [{fu Bew)| < | FII',

n=1

thus S3(B) < ||F||" and hence B € B (#). Introduce the continuous linear functional ¢ : B.(H) — K by
¢p(A) =Tr(BA) forall A€ B.(H).
We conclude that every F € B.(H)' is of the form F = ¢p with a unique B € B1(#). Now by it follows

IF|I" = sup {|[F(A)| : A € Be(H), | Al <1} < |[B]l; -
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In order to show ||F||" = ||¢s||" = ||B||; recall that || B||; = Tr(|B|) when B has the polar decomposition B = U|B| with a partial isometry
U. For an ONB {e¢,, } of H form the finite rank operator A,, = Y_"_;[en, e,]JU* and calculate
m m
Tr(BAm) = Tr(AuB) = Tr( ) _ [en,e4]U*B) ZTr en,en)|Bl) = )_ (en,|Blen).
n=1 n=1 n=1

It follows
m

5]l > Te(BAm)| > 3 (en, |Blen)

n=1

for all m € N and thus || ¢g|’ > ||B||;, and we conclude. Basic properties of the trace show that the map B — ¢p is linear. Hence this
map is an isometric isomorphism form B (H) to B.(H)'. O

In a similar way one can determine the dual space of the space of all trace class
operators.

Theorem 2.2.3 For a separable Hilbert H the space of all continuous linear function-
als B1(H)" on the space B1(H.) of all trace class operators on H and the space B(H)
of all bounded linear operators are (isometrically) isomorphic, i.e.,

Bi(H) =B(H).
The isomorphism B(H) — B1(H)' is given by B — ¥ 5 where
Y5(A) =Tr(BA) forall A € B1(H). (2.11)

Proof. In a first step we show that given f € By ()’ there is a unique B = B £ € B(H) such that f = g where again ip is defined by
the trace, i.e., ¥5(A) = Tr(BA) for all A € By(#H). For all x,y € H define

by(x,y) = f([y,x])
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where the operator [y, x] is defined as above. Since [y,x] € Bf(H) C B1(H), by is well-defined on H x H. Linearity of f implies
immediately that by is a sesquilinear form on . This form is continuous: For all x,y € H the estimate

b (x, ) = 1 (<D < ANy <l < I eyl

holds, since by Proposition|2.1.5{one has, using Schwarz” and Bessel’s inequality, ||[y, x]||; = S3([y,x]) < ||x]|||y||. Therefore by Theorem
20.2.1 there is a unique bounded linear operator B such that b¢(x,y) = (x, By), i.e.,

f([y,x]) = (x,By) =Tr(B[y,x]) forallx,ye H.

The last identity follows from the completeness relation for an ONB {e,} of H: Tr(B[y,x]) = Y., (en, Bly, xlen) = Y, (en, By(x,en)) =
Yn(en, By)(x,en) = (x,By). By linearity this representation of f is extended to B¢(H) C B1(#). And since both f and Tr are continuous
with respect to the trace norm this representation has a unique extension to all of B1(#) (B¢(H) is dense in B1(H)):

f(A)=Tr(BA) =Y5(A) forall A€ Bi(H).

Linearity of Tr implies easily that B— B1(H)’ is a linear map from B(#H) to By (#)’. Finally we show that this map is isometric.
The continuity estimate for the trace gives for B € B(H)

I¥5]"=sup{[¥5(A)|: A€ Bi(H),|All; <1} < [|B].

We can assume B # 0. Then ||B|| > 0 and there is x € H, ||x|| <1 such that ||Bx|| > ||B|| — € for any € € (0, ||B]|). Introduce ¢ = Hg—il‘ and

calculate as above
¥a([x,¢]) = Tr(Blx,g]) = (¢, Bx) = ||Bx|| = ||B|| — ¢,
hence ||¥||" > ||B|| — €. This holds for any 0 < € < ||B||. We conclude

I¥sll" > 1Bl

and thus ||¥p||" = ||B|| and B — ¥p is an isometric map from B(H) onto By (H)'.

Remark 2.2.4 According to this result one has the following useful expressions for
the trace norm and the operator norm: The trace norm of T € B1(H) is given by

ITll, = sup | Tr(BT)| (2.12)
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where the sup is taken over all B € B(H ) with ||B|| = 1 and similarly the norm of
Be B(H)is
|B|| = sup |Tr(BT)] (2.13)

where the sup is taken over all T € B1(H) with ||T||, = 1. Since B1(H) is generated
by the cone of its positive elements one also has

|B|| = sup | Tr(BW)| (2.14)

where the sup is taken over all density matrices W, i.e., W € B1(H), W > 0, and
W[l =Tr(W) =1.

Remark 2.2.5 It is instructive to compare the chain of continuous dense embeddings
Bf(H) — Bi(H) — Bo(H) — B(H) — B(H) (2.15)

for the spaces of bounded linear operators on a separable Hilbert space H over the field
K with the chain of embeddings for the corresponding sequence spaces

(r(K) = 1K) = £#(K) < co(K) <= (*(K) (2.16)

where £;(IK) denotes the space of terminating sequences and co(IK) the space of null
sequences. And our results on the spectral representations of operators in Bi(H),
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By (H), and B.(H) indicate how these spaces are related to the sequence spaces ¢ (K),
(2(K), and co(K).

For these sequence spaces it is well known that (*(IK) is the topological dual of
HK), /1K) = £*(K), and that £1(K) is the dual of co(K), co(K)" = £}(K), as
the counterpart of the last two results: B1(H) = B(H) and B.(H)' = B1(H).

2.3 Related locally convex topologies on B(#H)

Recall that in Section 21.4 we introduced the weak and the strong operator
topologies on B(7) as the topology of pointwise weak respectively pointwise
norm convergence. In the study of operator algebras some further topologies
play an important role. Here we restrict our discussion to the operator algebra
B(#H), respectively subalgebras of it. Recall also that in the second chapter we
had learned how to define locally convex topologies on vector spaces in terms
of suitable systems of seminorms. This approach we use here again. We begin
by recalling the defining seminorms for the strong and the weak topology.

The strong topology on B(#) is defined by the system of seminorms p,,
x € ‘H, with

pu(A) = ||Ax]l, AcB(H).
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Sometimes it is important to have a topology on B(# ) with respect to which
the involution * on () is continuous. This is the case for the strong* topol-
ogy defined by the system of seminorms pj, x € ‘H, with

pi(A) = /|| Ax| + [|A*x|?, A € B(H).

The weak topology on B(H) is defined by the system for seminorms p,,,
x,y € H, with
Pey(A) = [{x, Ay)|, A€ B(H).

Similarly one defines the o-weak and o-strong topologies on B(H). Often
these topologies are also called ultraweak respectively ultrastrong topology.

The o-strong topology on B(#) is defined in terms of a system of semi-
norms q = .y, {en} C H, L, [len]|” < o0, with

1/2
q(A) = (ZHAenHZ> , AeB(H).

And the o-strong* topology is defined by the system of seminorm g%, g as
above, with

7' (A) = (q(A)?* +q(A")*)'2, A€ B(H).
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Next suppose that {e,} and {g,} are two sequences in H which satisfy
Y llen||” < coand ¥, ||gn||” < 0. Then a continous linear functional T = T (end {gn)
is welldefined on B(H) by (see Exercises)

T(A) =Y (gn Ae), A€ B(H). (2.17)

n

Now the o-weak topology on B(#) is defined by the system of seminorms pr,
T as above, by

pr(A) =|T(A)| = |} _{gu Aen)|.

Using the finite rank operators [e,, ¢,,| introduced earlier we can form the op-
erator T =Y, [es,gu]. For any two orthonormal systems {x;} and {y;} in H
we estimate by Schwarz” and Bessel’s inequalities

> 1(x, len gulyi)| = Y I(xj,en) (&nyi) | < llenll gl
j j

and thus

]

Y10, Ty | < Y llenl | llgall < oo.

Proposition 2.1.5/implies that T is a trace class operator on . In the Exercises
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we show that forall A € B(H)

Tr(AT) =) (gn Aen) = T(A), (2.18)

n

hence the functional T of (2.17)) is represented as the trace of the trace class
operator T multiplied by the argument of T.

According to Theorem 2.2.2 the Banach space dual of the space of com-
pact operators B.(H) is isometrically isomorphic to the space B1(H) of trace
class operators on H and according to Theorem [2.2.3 the Banach space dual
of By (H) is isometrically isomorphic to the space B(H) of all bounded linear
operators on H.

Thus we can state:

The o-weak or ultraweak topology on B(7#) is the weak*-topology
from the identification of B(H ) with the dual of B;(#), i.e., the topol-
ogy generated by the family of semi-norms {ps: T € B1(H)} defined
by p+(A) = |Tr(TA)| = |T(A)]| for A € B(H).

It is easy to verify that the weak topology on B (7 ) is the dual topology o (B(H),
Bs(H)).
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Recall also that nonnegative trace class operators are of the form T = Y .len en]
with ¥, ||es]|” < co. For A € B(H) we find

Tr(A*AT) =Y || Aes||* = T(A*A)

where T is the functional on B(# ) which corresponds to T according to (2.18).
Hence the defining seminorms g for the o-strong topology are actually of the
form

q(A) = (T(A"A))'? = (Tr(A"AT))"/2.

From these definitions it is quite obvious how to compare these topologies
on B(H): The o-strong* topology is finer than the o-strong topology which in
turn is finer than the o-weak topology. And certainly the o-strong* topology
is finer than the strong* topology and the o-strong topology is finer than the
strong topology which is finer than the weak topology. Finally the o-weak
topology is finer than the weak topology. Obviously the uniform or norm
topology is finer than the o-strong* topology. Nevertheless one has the fol-
lowing convenient result:

Lemma 2.3.1 On the closed unit ball B = {A € B(H): ||A| <1} the following
topologies are the same:
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a) the weak and the o-weak;
b) the strong and the o-strong;

c) the strong™ and the o-strong*.

Proof. Since the proofs of these three statements are very similar we offer explicitly only the proof of b).
Clearly it suffices to show that for every neighborhood U of the origin for the o-strong topology there is a neighborhood V of
the origin for the strong toplogy such that V. N B C U N B. Such a neighborhood U is of the form U = {A € B(H) :q(A) <r} with

r>0and g(A)2 = ¥, ||Aes||* for some sequence e, € H with ¥, ||es]|* < co. Thus there is m € N such that ) I el < r2/2.
Define a neighborhood V of the origin for the strong topology by V = {A €EB(H) :p(A)<r/V2 } with the norm p given by p(A)? =

1 || Ae, ||*. Now for A € V N B we estimate

m ) m )
gAP =Y [ AealP+ Y el < Y. el + Y. Nleall <r?/2417/2=7
n=1 n=m-+1 n=1 n=m-+1

and conclude A € UN B. O
In addition continuity of linear functionals are the same within two groups
of these topologies as the following theorem shows.

Theorem 2.3.2 Suppose that IC C B(H) is a linear subspace which is o-weakly closed.
Then for every bounded linear functional T on IC the following groups of equivalence
statements hold.

1) The following statements about T are equivalent:
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(a) T is of the form T(-) = Y74 (yj, -x;) for some points x;,y; € H,
(b) T is weakly continuous;

(c) T is strongly continuous;

(d) T is strongly* continuous.

2) The following statements about T are equivalent (B is the closed unit ball in
B(H)):
(a) T is of the form T(-) = Y.:2,(yj,-x;) for some sequences x;,y; € H with
% < oo and x|y < e
(b) T is o-weakly continuous;
(c) T is o-strongly continuous;
(d) T is o-strongly™ continuous;
(e) T is weakly continuous on K N B ;
(f) T is strongly continuous on K N B;
(g) T is strongly™ continuous on IC N B.

Proof. Since the first group of equivalence statements is just a ‘finite’” variant of the second we do not prove it explicitly.
For the proof of 2) we proceed in the order a. = b.= c. = d. = a. If a. is assumed then

A |T(A) = | Ly Ax)]
]
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is obviously a defining seminorm for the o-weak topology. If we apply the Cauchy-Schwarz inequality twice this seminorm is estimated
by
2\1/2 2\1/2
Ll D2l A
J ]

which is a continuous seminorm for the o-strong topology and thus T is also o-strongly continuous. Another elementary estimate now
proves d.
The only non-tivial part of the proof is the implication d. = a. . If T is o-strongly* continuous there is a sequences {x;} with

Y ijHZ < oo such that forall A € £

TP < (A + (|41 219)
j=1
Form the direct sum Hilbert space
H=EPH o 7-[;) =CHOH)
j=1

where 7—[]’ is the dual of H; = H for all j € N. For A € B(#) define an operator A on H by setting for § € H with components
Y ® ]/;' EH;® ’H]/

(A§); = Ay; @ (A*y;)", jeN.
A straightforward estimate shows

z o~ 2 %12 ~

147l < LA+ TA Y2 175 -
On the subspace
K={A%:AcK}
of H where ¥ is defined by the sequence {x;} of the estimate (2.19), define the map T by setting
T(A%) =T(A).

By 1} it follows that T is a welldefined bounded linear map K — K (recall that Hj— ’H; is antilinear). Theorems 15.3.2 (extension
theorem) and 15.3.1 (Riesz-Fréchet) imply that there is an element  in the closure of the subspace K in 7 such that
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for all A € K, thus by expanding the inner product of H

T(A) =T(A%) =) (({y;, Axj)a + (v}, (A*x}) Vo) = ) _({yj, Axj) o + (x5, Ayj) )

) ]

and therefore T is of form given in statement a..
The remaining part of the proof follows with the help of Lemma and Corollary ?? which says that a linear functional is con-
tinuous if, and only if, it is continuous at the origin (see also the Exercises). O

Remark 2.3.3 A considerably more comprehensive list of conditions under which
these various locally convex topologies on B(H) agree is available in Chapter II of
24

2.4 Partial Trace and Schmidt decomposition in separable Hilbert spaces

2.4.1 Partial Trace

The first guess for defining the partial trace in the case of infinite dimensional
Hilbert spaces H; would be, in analogy to the the case of finite dimensional
Hilbert spaces, to start with the matrix representation of A € Bi(H1 ® Ho)
with respect to an orthonormal basis {¢; ® f } of H1 ® H, and to calculate the
usual sums with respect to one of the ONBs {e; } respectively { fi}. However
infinite sums might be divergent, and we have found no useful way to express



2.4. PARTIAL TRACE AND SCHMIDT DECOMPOSITION IN SEPARABLE HILBERT SPACES 63
the fact that A is of trace class in terms of properties of the matrix entries
Ajkiiks  J1/J2,k1,k2 € IN.

But such a procedure can be imitated by introducing a suitable quadratic
form and investigate its properties (see 3).

Theorem 2.4.1 (Existence, definition and basic properties of partial trace) Let
Hy and H, be two separable complex Hilbert spaces. Then there is a linear map

T: 81(7'[1 X 7‘[2) — 61(7‘[1)

from the space of trace class operators on Hq @ Hy into the space of trace class oper-
ators on Hq which is continuous with respect to the trace norm. It has the following
properties

T(A1 & Az) = A1T1'7.[2 (Az) fOT’ all A; € Bl(Hi), 1=1,2; (2.20)
Try, (T(A)) = Trayemn, (A)  forall A € Bi(Hi @ Ha); (2.21)

T((A1®1L)A)=A1T(A) forall Aye B(H1),andall A€ Bi(H1® Ha); (2.22)

where I, denotes the identity operator on H, and I3(H1) the space of bounded linear
operators on H.



64 CHAPTER 2. HILBERT-SCHMIDT AND TRACE CLASS OPERATORS

On the basis of Property (2.20) the map T is usually denoted by Try;, and called
the partial trace with respect to #,. Later in Proposition 2.4.3| an enhanced
characterization of the partial trace will be offered. Actually this map T is
surjective (in Formula (2.20) take any fixed A, € By (H,) with Tr(A,) = 1.)

Proof. Let { fj; ] € N} be an orthonormal basis of H,. For a given operator A € By(H; ® H) define a sesquilinear form Q4 on #; by
setting for u,v € H;

oo

Z u® fi, A(v® fj))1e2- (2.23)

j=
By inserting the spectral representation (2.5) for # = H; ® H, we can write this as

Qal

HMg

Z (u® fj,xn)102(€n,0 @ fijl122

For u,v € Hy with |ju]| = ||v|| = 1 we know that {u ®f]} and {v® f;} are ONS in H; ® Hj and thus we can estimate, using first
Schwarz’ inequality and then Bessel’s inequality for these ONS,

|Qa(u,0)| < Z|M|Z|<” ® fi xn)1e2(en, v ® fi)1e2|
n j

< 2’/\11| llexl [|xnll = Z|An| = ||Al;
n n

This implies for general u,v € H;
1Qa(u,0)| < [|Ally [lully [ofly

and thus the sesquilinear form Q4 is well defined and continuous. Therefore the representation formula for continuous sesqulinear
forms applies and assures the existence of a unique bounded linear operator T(A) on ; such that
Qa(u,v) = (u,T(A)v); forallu,ve H, (2.24)

and [ T(A)]| < | All,.
In order to show T(A) € B1(H1) we use the characterization of trace class operators as given in Proposition and estimate
S3(T(A)) by inserting the spectral representation for A € B1(H1 ® Hz) . To this end take any orthonormal sequences {1, } and
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{om} in H;. Since then {u, ® f;} and {v,; @ f;} are orthonormal sequences in H; ® H, we can estimate as follows, again applying
first Schwarz’” and then Bessel’s inequality:

;|<”n’T(A)Uk>1| =Y 1Y Auur ® fi,xn)102(n, 0k ® fidr:o|

k nj

<Y Al Y e ® fi X0 )102(en, 0k @ fi)122]
n k,j

< Z|An| llenllion 1%nll102 = Z|An| = [|A]l; < co.
X X

We conclude T(A) € Bi(H1) and
IT(A) < 1Al - (2:25)

The above definition of T(A) is based on the choice of an orthonormal basis { f] ;j €N } However, as in the case of a trace, the value of

T(A) does actually not depend on the basis which is used to calculate it. Suppose that {;;j € N} is another orthonormal basis of H,.
Express the f] in terms of the new basis, i.e.,

f]‘ = Zujvh,/, Uj, € C.
1%
Since the transition from one orthonormal basis to another is given by a unitary operator, one knows Y, 1, = 6y. Now calculate for
u,v € My
Z(u ® fj,A(U & fj)>1®2 = Z ﬁjvum@t & hy,A(U & hy)>1®2

] vt

= ZZﬂjqu (u ® hy,A(U ® hy)>1®2 = Z(M & I’ZV,A(U ® hv)>1®2.
v v

Therefore the sesquilinear form Q4 does not depend on the orthonormal basis which is used to calculate it. We conclude that the
definition of T(A) does not depend on the basis.

Equations (2.23) and (2.24) imply immediately that our map T is linear and thus by (2.25) continuity with respect to the trace norms
follows.

Next we verify the basic properties (2.20), (2.21), and (2.22). For A; € B1(H;), i = 1,2 one finds by applying the definitions for all
u,v € Hy

(0, T(A1 ® A2)o)1 =) (4 ® fj, (A1 ® A2) (VD fj))102

]
= Z(u,Aﬂ)h (fi, Azfi)2 = (u, A10)1Try, (A2),
]
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hence T(A; ® Az) = A1Try, (Ay), i.e., (2.20) holds.
For A € B1(H1 ® H,) we calculate, using an orthonormal basis {¢;; i € N} of H;

Try, (T(A)) = Z<ei/T(A)ei>1 = ZZ(ei ® fi, Ae; ® fi)1e2 = Try, m, (A)
i i

and find that (2.21) holds.
Finally take any bounded linear operator A; on H1, any A € Bi(H1 ® H), and any vectors u,v € H;. Our definition gives

(U, T((A1® ) A)v)1 =) (u® fj, (A1 © b)A(v ® fj))1e2

]
=) (Aju® fi, A(v® fj))102 = (Afu, T(A)o)1 = (u, A1 T(A)o)1,
)

and thus T((A1 ® [L)A) = A1T(A), i.e,, (2.22) is established. O

Corollary 2.4.2 For all bounded linear operators Ay on Hiand all A € B1(H1 ® Hy)

one has

TIH1®H2((A1 03¢ Iz)A) = TI';L[l (A1TI'H2 (A)) (2.26)
Proof. Apply first and then (2.22) and observe that the product of a trace class operator with a bounded linear operator is again
a trace class operator (see Theorem [2.1.6). o

Proposition 2.4.3 (partial trace characterization) Suppose that H, and H, are two
separable Hilbert spaces and that a linear map L : B1(H1 ® Hy) — B1(H4) satisfies

Try, (PL(A)) = Tra, e, (P ® LA) (2.27)
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for all finite rank orthogonal projectors P on Hi and all A € B1(H1 ® Hy). Then L
is the partial trace with respect to H:

L(A) = Tra, (A). (2.28)
Proof. By taking linear combinations of l} of finite rank projectors P; we conclude that
TI"H] (BL(A)) = TI"H] ®7‘[2((B & IZ)A)

holds for all B € Bf(#H1) and all A € B;(H1 ® H2). Hence by Equation we find

Tryy, (BL(A)) = Tryy, (BTryy, (A))
or, observing Corollary and taking the definition of the inner product on B, (#) in into account,

(B,L(A))2= (B, Try, (A))2

all B€ Bf(H1) and all A € By(H; @ Hy). Since By(H;) is dense in B,(H1) we conclude. O

2.4.2 Schmidt decomposition

The elements of H = H; ® H, can be described explicitly in terms of orthonor-
mal bases of H;: Suppose ¢;, j € IN is an orthonormal basis of H; and f;, j € N
is an orthonormal basis of H,. Then every element x € H is of the form (see
for instance 4))

o0 o0
x=Y @, el Y leif = x| (2.29)
ij=1 ij=1
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However in the discussion of entanglement in quantum physics and quan-
tum information theory it has become the standard to use the Schmidt repre-
sentation of vectors in ‘H which reduces the double sum in (2.29) to a simple
bi-orthogonal sum.

Theorem 2.4.4 (Schmidt decomposition) For every x € H = H1 ® H, there are
nonnegative numbers p,, and orthonormal bases g,;n € N, of H1 and h,, n € N, of
‘H» such that

x=Y pugn®hy, Y pi=|x|* (2.30)
n=1 n=1

Proof. We use the standard isomorphism I between the Hilbert tensor product H1 ® H; and the space Lyg(#H1;H2) of Hilbert-Schmidt
operators {1 — H». In the notation of physicists I is given by I(x) = ¥75_; ¢;|fj) (eil, i.e., for ally € H; we have

1@ = Y eilenynf,

ij=1

where (-,-)1 denotes the inner product of #; and where x is given by (2.29). It is easily seen that I(x) is a well defined bounded linear
operator H1 — Hy. Hence I(x)*I(x) is a bounded linear operator 1 — H; which is of trace class since

i=1

Toy (1097109 = Y- (100 10 = 1 e = I
ij=

Thus I(x) is a Hilbert Schmidt operator with norm

11(x) |5 = +1/Try, (T)*1(x)) = [[x]] (2.31)



2.5. SOME APPLICATIONS IN QUANTUM MECHANICS 69
Since I(x)*I(x) is a positive trace class operator on 1, it is of the form
I(x)*I(x) = Y APy, Y A= %], (2.32)
n=1 n=1

where Py, = [¢n)(gn| is the orthogonal projector onto the subspace spanned by the element g, of an orthonormal basis g, n € IN, of
Hi.
This spectral representation allows easily to calculate the square root of the operator I(x)*I(x):

1(x)| & +/1(x)*I(x)) = i VAnPy,. (2.33)
n=1

This prepares for the polar decomposition (see for instance 4) of the operator I(x) : 1 — H,, according to which this operator can be
written as

I(x)=U|I(x)|, U= partial isometry H1; — Ho, (2.34)

i.e., U is an isometry from (kerI(x))* C H1 onto ranI(x) C H,.
Finally denote by h,,n € IN, the orthonormal system obtained from the basis g,, n € IN, under this partial isometry, h, = Ugy.

Hence, from (2.33) and (2.34) we get
I(x) = Z VA 1) (gnl-
n=1

If we identify p, with v/A, and if we apply ™! to this identity, then Equation (2.30) follows. O

2.5 Some applications in Quantum Mechanics

Remark 2.5.1 In the case of concrete Hilbert spaces the trace can often be evaluated
explicitly without much effort, usually easier than for instance the operator norm.
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Consider the Hilbert—Schmidt integral operator K in L?(IR") discussed earlier. It is
defined in terms of a kernel k € L*(R" x R") by

Kp(x)= [ kxypw)Dy Yy e 2R,
In the Exercises we show that
Tr(K*K) = / / k(x,y)k(x,y)DxDy.
R JR"

A special class of trace class operators is of great importance for quantum me-
chanics, which we briefly mention.

Definition 2.5.2 A density matrix or statistical operator W on a separable Hilbert
space H is a trace class operator which is symmetric (W* = W), positive ({x, Wx) >0
for all x € ‘H), and normalized (Tt W = 1).

Note that in a complex Hilbert space symmetry is implied by positivity. In
quantum mechanics density matrices are usually denoted by p. Density ma-
trices can be characterized explicitly.

Theorem 2.5.3 A bounded linear operator W on a separable Hilbert space H is a
density matrix if, and only if, there are a sequence of nonnegative numbers p, > 0
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withy_.> ;1 on = 1 and an orthonormal basis {e, : n € IN'} of H such that forall x € H,
Wx = Z Onlen, x)ey, (2.35)
n=1

ie, W=Y""10u4P.,, P., =projector onto the subspace Ke,,.

Proof. Using the spectral representation (2.1.9) of trace class operators the proof is straight forward and is left as an exercise. O
g % P P p &

The results of this chapter have important applications in quantum mechan-
ics, but also in other areas. We mention, respectively sketch, some of these
applications briefly.

We begin with a reminder of some of the basic principles of quantum me-
chanics (see for instance 14, 12).

1. The states of a quantum mechanical system are described in terms of den-
sity matrices on a separable complex Hilbert space H.

2. The observables of the systems are represented by self-adjoint operators

in H.

3. The mean value or expectation value of an observable a in a state z is equal to
the expectation value E(A, W) of the corresponding operators in #; if the
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self-adjoint operator A represents the observable 4 and the density matrix
W represents the state z, this means that

m(a,z) = E(A,W)=Tr(AW).

Naturally, the mean value m(a,z) is considered as the mean value of the
results of a measurement procedure. Here we have to assume that AW
is a trace class operator, reflecting the fact that not all observables can be
measured in all states.

. Examples of density matrices W are projectors P, on H, e € H, |le|| =1,

i.e., Wx = (e, x)e. Such states are called vector states and e the representing
vector. Then clearly E(A, P,) = (e, Ae) = Tr(P,A).

. Convex combinations of states, i.e., z;;lA,-wj of states WW; are again states

(here A; > 0 for all j and 2?21 Aj = 1). Those states which can not be rep-
resented as nontrivial convex combinations of other states are called ex-
tremal or pure states. Under quite general conditions one can prove: There
are extremal states and the set of all convex combinations of pure states
is dense in the space of all states (Theorem of Krein-Milman, 22, not dis-
cussed here).
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Thus we learn, that and how, projectors and density matrices enter in quantum
mechanics.

Next we discuss a basic application of Stone’s Theorem 5 on groups of uni-
tary operators. As we had argued earlier, the Hilbert space of an elementary
localizable particle in one dimension is the separable Hilbert space L?(IR). The
translation of elements f € L?*(IR) is described by the unitary operators U(a),
acR: (U(a)f)(x) = fa(x) = f(x — a). Itis not difficult to show that this one-
parameter group of unitary operators acts strongly continuous on L?(IR): One
shows lim, o || f; — f|l2 = 0. Now Stone’s theorem applies. It says that this
group is generated by a self-adjoint operator P which is defined on the do-
main

D= {f c L*(R) :liml(fa — f) existsin Lz(IR)}

a—0d
by
P 11 1( ) VfeD
f=slim-(fo—f feb.
The domain D is known tobe D =W!'(R) = {feL*R): fe[*(R)} and

clearly Pf = —if = —1— This operator P represents the momentum of the
y P P
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particle which is consistent with the fact that P generates the translations:
U(a) =e

As an illustration of the use of trace class operators and the trace functional
we discuss a general form of the Heisenberg uncertainty principle. Given a den-
sity matrix W on a separable Hilbert space H, introduce the set

Ow = {A c B(H) : ATAW € 81(7'[)}
and a functional on Oy x Oy,
(A,B) — (A,B)w =Tr(A*BW).

One shows (see Exercises) that this is a sesquilinear form on Oy which is pos-
itive semi-definite ((A, A)w > 0), hence the Cauchy-Schwarz inequality ap-
plies, i.e.,

(A,B)w| < \/(A,A)w\/(B,B)w  VA,BEOw.
Now consider two self-adjoint operators such that all the operators AAW,
BBW, AW, BW, ABW, BAW are of trace class. Then the following quantities
are well defined:
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and then

Aw(A) =\ Te(AAW) = [ Te(A2W) — (A)},

Aw(B) = \/Tr(BBW) = |/ Tr(B2W) — (B)3,.

The quantity Aw(A) is called the uncertainty of the observable ‘A’ in the state

‘W’. Next calculate the expectation value of the commutator [A, B] = AB — BA.
One finds

Tr([A,B]W) = Tr([A,B|]W) = Tr(ABW) — Tr(BAW) = (A,B)w — (B, A)w

and by the above inequality this expectation value is bounded by the product
of the uncertainties:

I Tr([A, BIW)| < [{A,B)w + [(B, A)w| < Aw(A)Aw(B) + Aw(B) Aw(A).

Usually this estimate of the expectation value of the commutator in terms of
the uncertainties is written as

S ITE([A BIW) | < Aw(A) D (B)

and called the Heisenberg uncertainty relations (for the ‘observables’ A, B).
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Actually in quantum mechanics many observables are represented by un-
bounded self-adjoint operators. Then the above calculations do not apply
directly and thus typically they are not done for a general density matrix as
above but for pure states only. Originally they were formulated by Heisenberg
corresponding to the observables of the position and the momentum, repre-
sented by the self-adjoint operators Q and P with the commutator [Q, P] C il
and thus on suitable pure states i the famous version

< Ay(Q)Ay(P)

of these uncertainty relations follows.

2.6 Exercises

1. Using Theorem [2.1.9 determine the form of the adjoint of a trace class op-
erator A on H explicitly.

2. For a Hilbert-Schmidt operator K with kernel k € L*(IR" x R") show that

Tr(K*K) = /]R” /Rnk(x,y)k(x,y)Dny.
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Prove that statements e. - g. in the second part of Theorem [2.3.2|are equiv-
alent to the corresponding statements b. - d. .

. Prove the characterization (2.35) of a density matrix W.

Hints: One can use W* = W = |W| = vV W*W and the explicit representa-
tion of the adjoint of a trace class operator (see the previous problem).

. Show: A density matrix W on a Hilbert space H represents a vector state,

i.e., can be written as the projector Py onto the subspace generated by a
vector ¢ € H if, and only if, W? = W.

. Show: If a bounded linear operator A has the representation (2.5), then its

absolute value is given by

[Alx =) _|Au|(en,x)en, x€H.

. Prove that (

2.17

) defines a continuous linear functional on B(H), under

the assumptioned stated with this formula.

. Prove Formula (2.18)).
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Chapter 3

Operator algebras and positive mappings

Abstract: In various parts of quantum physics positive mappings play a fun-
damental role. These mappings are defined on some involutive algebra (often
of operators on some Hilbert space). By definition a positive mapping sends
positive elements of its domain to positive elements of the target space. Thus
first several characterizations of positive elements in an involutive normed
algebra are given. Two types of positive mappings are considered: Positive
linear functionals which have values in C and completely positive mappings
which have values in some other involutive algebra. For the structural anal-
ysis of positive mappings the concept of a representation of an involutive
algebra is needed. This is introduced and in the case of the involutive al-

79
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gebra B(#H) of bounded linear operators on a Hilbert space H the general
form of its representations is determined (Naimark’s theorem). The structure
of positive linear functionals on an involutive algebra with unit is presented
in the Gelfand-Naimark-Segal (GNS)-construction. Positive linear function-
als f on an involutive algebra A with unit I such that f(I) = 1 are called
states. On a weakly closed subalgebra A of B(H) special states are of the
form f(A) = Tr(AW) where W is a density matrix on H. These states are char-
acterized in terms of an additional continuity condition (normality, complete
additivity). and are called normal states. The Stinespring factorization theo-
rem gives the general form of a completely positive map between C*-algebras.
When this result is combined with Naimark’s theorem of representations of
B(#H) it allows to determine the general form of completely positive mappings
on B(H) in more detail.

3.1 Representations of C*-algebras

In quantum mechanics, in local quantum field theory (Haag), in the func-
tional approach to relativistic quantum field theory (Garding-Wightman), and
in quantum information theory positive functionals and completely positive
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mappings play a fundamental role, mainly in connection with the mathemat-
ical description of ‘states’ of quantum systems and their manipulation. In this
chapter we present the most important structural results for positive linear
functionals and completely positive maps, namely the Gelfand-Naimark Segal
representation for positive linear functionals (on C*-algebras) and the Stine-
spring factorization theorem. The natural mathematical framework for these
results is the theory of abstract C*-algebras and we formulate these results in
this framework, but in our proofs we consider only the cases of C*-algebras
of operators on Hilbert spaces. This allows to use some simplification in the
characterization of positive elements in these algebras. For the general case
we refer to the literature.

Definition 3.1.1 Let A be an algebra over the field C. If A admits an involution
* which is compatible with the algebraic structure of A, i.e., a mapping a — a* such
that for all a,b € A the following holds:

(a*)" =a, (Aa)* = Aa*, A€ C
(a+b)*=a"+b" (ab)* =b*a”

A is called an involutive algebra or a *-algebra. If A admits a norm ||-|| under
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which A is a Banach space such that
|abl| < ||a||||b]| forall abe A

then A is called a Banach algebra. If a Banach algebra A has an involution * for
which the norm satifies ||a*|| = ||a|| for all a € A such that A is *-algebra then A is
called an involutive Banach algebra or a4 Banach *-algebra.

If in addition the norm of an involutive Banach algebra satisfies the conditon

|a*a|| = ||aa*|| = ||a||* forallae A
it is called a C*-algebra.

Often an involutive Banach algebra or a C*-algebra contains a unit I. Then we
assume that || I|| = 1.

Definition 3.1.2 Suppose that A, B are x-algebras. A map 7 : A — B is called a
homomorphism of x-algebras or a x-homomorphism if, and only if, it respects
the structure of a x-algebra, i. e.,

t(wa + Bb) = am(a)+ Brr(b), Vabe A Va,BeC; (3.1)
nt(ab) = m(a)m(b), Va,be A (3.2)
m(a*) = m(a)",Vae A. (3.3)
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Many results about abstract C*-algebras are obtained by studying properties
of their representations by operators on a Hilbert space where one defines

Definition 3.1.3 Let A be a C*-algebra. A representation (71, H) of A is a *-
homomorphism 7t of A into the C*-algebra B(H) of all bounded linear operators on a
Hilbert space H.

A representation (7t,H) of A is called cyclic if there exists a cyclic vector, i.e., a
vector x € H such that the closed linear subspace [7t(A)x| generated by all 7t(a)x €
‘H equals the representation space H.:

[t(A)x] =H.

3.1.1 Representations of 5(H)

For the C*-algebra of all bounded linear operators on a Hilbert space the gen-
eral form of its representations can be determined. This result will be used
later in our analysis of completely positive maps.

By Theorem 22.3.4 we know that the set of all compact operators B.(#) on
a (separable) Hilbert space H is a C*-algebra (without unit, if H is infinite
dimensional). The following result clarifies the structure of all its representa-
tions.
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Theorem 3.1.4 Every continuous representation (71, H ) of the C*-algebra B.(H ) is
equivalent to the direct sum @,,(7t,, H,) of the identity representation rt,, A — A,
A € B.(H), and the zero representation A+ 0, A € B.(H).

Proof. Let {e,} be an orthonormal basis of 7 and denote by P, the orthogonal projector onto the one-dimensional subspace [e,] = Cey,
spanned by e,,. By Theorem 22.3.2 we know that for A € B.(#H ) the finite rank operators

N
AY P, NeN

n=1

converge in (operator) norm to A. Since the sequence of projectors Z]-I\il P;, M € N is bounded in norm (by 1) it follows that

M N
A= M}Zlvrg oo];n;leAPn in B(H). (3.4)

Now calculate for x € H
P;AP,x = (e]-,Aen> <en,x>e]-

and define operators Uj,, on H by
Ujnx = (en, x)e;.

Then we can write
PjAPn = Eljnu]'n, Lljn = <€j,A€n>. (3.5)

The operators Uj, are partial isometries from [e,] to [e;] which satisfy for all j,n,m € N

Upy = Py, Ufn = unjz ujn Upm = ujm (3-6)

As finite rank operator all the operators P,, U;, belong to B.(#). Note also that for any fixed n € IN the closure of the ranges of all the
operators {Uj, : j € N} is .
Now let (71, H ) be a continuous representation of B.(#H ). For every A € B.(H) it follows

M N M N
n(A)= lim Y Y 7n(P)m(A)m(P,) = Ml%gmg Z;lajnﬂ(ujn)- 3.7)
N=eo = =
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Therefore the knowledge of all the 7(Uj,) allows to find the representatives 71(A) for all A € B.(#). Since 7 is a representation the
relations also hold for the representing operators 7t(P,) and 7t(Uj, ). For n € IN define

M, = ran (B8(Py)) C Hg.

Since 7t(P,)7t(P;) = 0 for n # j the closed subspaces My, of H are pairwise orthogonal for different indices. Relations for 7t(Py),
7t(Uj,) imply furthermore that the operators 77(Uj, ) are partial isometries with initial domain M, and terminal domain M;. Hence all
the subspaces { M, } have the same dimension.

If 7(P,) = 0 for all n € N, then by one has m(A) =0 for all A € B.(#) and 7 is the zero representation. If 77 is not the zero
representation, there is n € IN such that 7(P,) # 0 and thus M,, # {0}. Hence there is a unit vector f, € M, and we can define an
orthonormal system { f;} in H by setting

fi=n(Uj)fn, foralljeN.

This orthonormal system generates a closed linear subspace M; C H:
Mz = [{fi}].
We now show that this subspace is invariant under all 77(A), A € B.(H): Observe first that

T0(Ujm) fre = 70 (Uj ) 71 (Ui ) fn = 0 for m # k
7T(ujrrz)fm = 7T(ujm)7'f(umn)fn = N(an)fn :fj

holds. Because of this implies
7(P))t(A)7t(Pu)fr =0 form #k (3.8)
7e(P;) e(A) 7T (Pn) fnn = jiu - 3.9)

Thus all the operators 7t(P;)7t(A)7t(Py) are reduced by the subspace M; now implies that all operators 71(A), A € B:(H), are
reduced by this subspace too.
In the subspace M the operator 7t(P) is the projection onto the subspace Cf;, j € N, hence by the matrix

[@jm] = [(ej, Aem)] = [(fj, 70(A) fn) m] (3.10)

is the matrix of 77(A) with respect to the orthonormal basis { f]} of M.
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Next define an isometric mapping V of H onto M by setting
Ve]' = f] , ] €N
and extend it by linearity and continuity to all of /. Relation (3.10) implies
V*n(A)V=A forall Ae B.(H)

and thus the representation 7 is unitarily equivalent to the identity representation.
If M = H,, we are done. Otherwise look at the orthogonal complement M of M in H,. Certainly, M5 is invariant under all
n(A), A € Bo(H). For all x € M and all y € M3+ we have

(x, t(A) ), = (T(A*)x, )3, =0

since 7T(A*)x € M. Thus the restriction of 71(A) to M5 defines a representation of B.(H) in M; and we can proceed as above to find
an invariant subspace M/; of M on which this representation is unitarily equivalent to the identity representation. Now by iteration
of this argument we conclude. O

Theorem 3.1.5 (Naimark) Every representation (71, H ) of the C*-algebra B(H) of
all bounded operators on a separable Hilbert space H is the direct sum of identity
representations A — A and a representation of the quotient algebra B(H) /B.(H ).

If the representation of this quotient algebra is not the zero representation, then it
is an isomorphism of B(H )/ B.(H) into the algebra of bounded linear operators on a
Hilbert space.

Proof. Since B(#) is a C*-algebra with unit Theorem implies that every representation of it is continuous. Therefore a represen-
tation (71, ") of B(H) is at the same time a continuous representation of B.(#) C B(#). Thus Theorern applies. Hence modulo
a unitary map the representation space H is the direct sum &,, H, of copies H, = H of H and a space Hy. In each of the spaces H,
the representation 7 is the identity representation of B.(# ) while in H, it is the zero representation. We have to show that for arbitrary
but fixed n the representation 7r of B() also reduces to the identity representation in ;.
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With the orthogonal projector Q, : H; — H, introduce 71(A), = Qut(A)Qy, ie.,
T(A)nx = Qum(A)x forall x € Hy.

Clearly 7t(A), is a well defined bounded linear operator on ,,. We show 7(A), = A by showing that their matrices coincide, calculated
with respect to an ONB {e; } of H,, = H. For the projection operator P; onto Ce; we have as earlier for all i,j € N,

PiAP]‘ = llijui‘
and thus
7T(Pl>7T(A>7T(P]) = ﬂ(PlAP]) = aijui]-.
Recall P;, U;;, P;AP; € B.(H) and thus we can calculate as follows:
(ei, T(A)nej) = (Quei, (A)ej) = (ei, T(A)ej) =
(Piei, t(A)Piej) = (i, Pit(A)Pjej) = ajj{e;, Uijej) = ayj

and we conclude 7(A), = A.
It follows, for all x € H,,, A,B € B(H),

Qur(A)m(B)x = (AB)x, Qum(A)Qu7mt(B)x = A(Bx),

and therefore Q,,7t(A)(7(B)x) = Qu7t(A)Qn(71(B)x). Denote the closed linear hull of the set {7t(B)x : x € H,,B € B(H)} by H,,. Then
the above argument shows that in #}, one has

Qurt(A) = Qurt(A)Qu- (3.11)
Naturally H,, C H/, and therefore Q,, =0 on H,,~ C H . As earlier one shows that #{/, and #, are invariant under all 77(A), A € B(#),

hence Q,71(A) =0in H, " and olds in all of H.

Now apply the involution to (3.11) and in the result replace A* by A. This gives m(A)Q, = Q»7(A)Q, and thus
Qurt(A) = 7(A)Qn,
i.e., the space H, reduces all the operators 71(A), A € B(H). In the space H,, the identity 7(A), = A now takes the form
Ax=Qum(A)x =m(A)Qux=m(A)x, x€H,

and thus in the space H,, the representation of all of B() reduces to the identity representation. O
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3.2 On positive elements and positive functionals

An element a of a *-algebra A is called positive if, and only if, one of the
following equivalent conditions hold:

a=>b"b forsome b€ A; (3.12)
a=c? forsome ceAy={acA:a" =a}. (3.13)

In the case that .4 is a C*-algebra of operators on a Hilbert space H or a sub-
space of such an algebra one has a third characterization of positive elements
a, namely

(x,ax) >0 forall xeH. (3.14)

In this case the proof of equivalence of these three conditions is straight for-
ward by using the square root lemma (Theorem 21.5.1) and the polar decom-
position of operators (Theorem 21.5.2). In the case of an abstract C*-algebra
the characterization of positive elements one has to refer to spectral theory for
these algebras (see Theorem 6.1 of 24).

Using the characterization (3.14) of positive elements it follows easily that
the set A of all positive elements in A is a closed convex cone, i.e., ifa,b € A,
and «, B > 0 then aa + Bb € A.. This cone satisfies A N (—A,) = {0}. Hence
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A induces an order in the real Banach space A4, of hermitian elements in A.
Fora,b € A, we writea > b if,and only if,a —b e A,.

Definition 3.2.1 A linear map f : A — C on a C*-algebra A is called a positive
functional if its restriction to the cone A of positive elements has only nonnegative
values, i.e., if f(a) >0 foralla € A..

The following proposition collects the basic facts about positive linear func-
tionals.

Proposition 3.2.2 For a positive linear functional f on a C*-algebra A with unit one
has:

a) Foralla,be A

fla'b) = f(b*a) (3.15)
f(@b)[* < f(a’a) f(b"D) (3.16)
b) f is continuous and ||f|| = f(I).

Proof. For the proof of the first part of a) take arbitrary a,b € A and apply f to the two polarization identities
p p y ppPly p

3 . . . 3 . . .
4a*b =) J(b+7ia)*(b+ia), 4ba*=) i(b+ia)(b+ia)*
j=0 j=0
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and compare the results. For the proof of the estimate take arbitrary a,b € A and arbitrary «, f € C and observe
0 < f((a+ Bb)* (xa+ Bb))
= |a*f(aa) +TBf(a"b) + apf(b%a) + |BI*f (b"D),
thus, because of the first part, the quadratic form on C
|la|?f(a*a) + 2Re(fffif(a*b)) + [fi|*f(b*D)

is nonnegative, hence its coefficients have to satisfy (3.16).
For the proof of b) observe foralla € Aand all x € H

2 2110112
(x,a%ax) = ||ax|~ < ||a]|”||x]|*,

thus
a*a < ||a]?1, (3.17)

and hence for a positive functional f it follows f(a*a) < ||a||* f(I). The Cauchy Schwarz inequality (3.16) implies |f(a)|2 < f(I*I)f(a*a)
and we find for alla € A
|[f(a)] < F(I) |all

and this proves that f is continuous and that || f|| =sup {|f(a)|;a € A, ||la|| <1} < f(I). Butclearly f(I) <||f| and therefore || f|| = f(I).
O

Here are some simple examples of positive functionals on a C*-algebra A
of operators on a Hilbert space H:
For x € H define a function f,: A — C by

fx(a) = (x,ax) forall aec A. (3.18)

Clearly, by condition (3.14)) this functional is positive when restricted to A .
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Theorem 3.2.3 Every representation (71, H) of a C*-algebra A with unit I is contin-
uous and foralla € A

lea)]] < [lall.
P?’OOf. Given a representation (71, H) of A, take x € H and define a functional f, : A — C by

fx(a) = (x,m(a)x) forallac A.

Since 7 is a *-homomorphism, fy is a positive functional on A: For all 2 € A one has

fla'a) = (@) = 0.
By Proposition the norm of this functional is || fy || = fx(I) = ||x||. It follows

I7e(@)x|* = fe(a*a) < || fill lla*al| = ] la]?

and thus ||7(a)x[| < |x|[ [|]|, hence [|7z(a)[| = sup {||z(a)x]| : x € H, |[x[| <1} <a]. o

3.2.1 The GNS-construction

In this section we provide the answer to the question What is the general form of
positive functionals on a C*-algebra with unit?

The answer is well known since many years and is given by the GNS-
construction (Gelfand-Naimark-Segal) which we explain now. This construc-
tion can be done in a much more general setting.
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Theorem 3.2.4 (GNS-construction for A)) Let f be a positive functional on a C*-
algebra A with unit I with f(I) = 1. Then there is a Hilbert space H, a unit vector
QO € Hy, and a mapping 7w on A with values in the space B(H ) of bounded linear
operators on ‘H s with the following properties:

1. 7ty : A — B(Hy) is linear;
2. rig(ab) = me(a)ms(b) forall a,b € A;
3. m(a*) = m¢(a)* foralla € A;
such that
f(a) =(Qp,m(a)Qs) forallac A (3.19)
where (-,-) denotes the scalar product of H.

In addition one has [1t¢(A)Qy| = Hy, i.e., Qf is cyclic so that 75 is a cyclic repre-
sentation of A.

The triple (H,Qf,7f) is unique up to unitary equivalence, i.e., if we also have
f(a) =(Q,(a)Q) for all a € A where the triple (H,Q), 77) has the properties spec-
ified above for (H,Qy, 71¢) then there is a unitary operator U : Hy — H such that
O =UQ¢and t(a) = Ums(a)U* forall a € A.

PrOOf. Construction of s: Define
If={ac A: f(a"a)=0}.



3.2.  ON POSITIVE ELEMENTS AND POSITIVE FUNCTIONALS 93

By Propositionthe given functional f is continuous on A; since a — a*a is continuous on A, I is a closed subset. If a,b € I then,
f((a+b)*(a+0b)) = f(a*a) +2Re(f(a*b)) + f(b*b) = 2Re(f(a™b)) =0
since by 2Re(f(a*b)) < f(a*a)f(b*b), hence a + b € I. Similarly, for a € A and b € I the Cauchy-Schwarz inequality implies
" f((ab)*(ab)) = f(b*a*ab)) < f(b*b)"/?f((a*ab)*(a*ab))'/? =0,
hence ab € I;. Since If is obviously invariant under multiplication with scalars we conclude that I is a closed left ideal in A.
AT C Iy (3.20)
Form the quotient space ’H?( of A with respect to I, i.e., the space of all equivalence classes

[af=a+1;, acA; (3.21)

Hy=A/1p={[alac A}, (3.22)
On ’H? define addition and scalar multiplication of equivalence classes through their representatives, i.e.,
[ﬂ}f + [b]f = [Ll+b]f, )\[ﬂ}f = [/\Ll]f, VAeC,abe A

Thus 7-[?[ becomes a complex vector space.
Next one shows that the formula

([alf, [b]y) = f(a*b), laly, [b]f € HY (3.23)

defines a scalar product on the vector space HY. Finally define £ as the completion of 7—[? with respect to the norm defined by this
ez

scalar product and extend the scalar product (3.23) by continuity to H . Thus H is a complex Hilbert space.

Construction of () f and s First define
Qf = [I]f. (3.24)

Clearly Q) € H satisfies ((0f, Q) = f(I*I) = f(I) = 1. Hence this is a unit vector.
Next define
3(a)[b]f = [ably, Va,be A (3.25)
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Because of property 1i nj)f is well defined. And it follows easily that 7119 (a) is a linear operator on 7—[? forall a € A. In order to prove
boundedness of the linear operator njg(u) we estimate as follows. For all b € A one has, using l)

|9tapien [ = ol labl) = f(aby*ab) = foata)
< (0" lal*16) = [l £ (b°B) = llall* {[e], 6] ) 5,

hence njg(A) is bounded and Hn?(a)” <]l

Thus by continuity and density of 7-[?[, njo, extends uniquely to a mapping 7ty : A — B(Hy). It is straight forward to see that this
mapping is linear. This proves property 1.

Since the product in \A is associative, property 2. of 71 follows easily from its definition:
b)lc]y = [(ab)c]s = [a(be)] s = s (a)[be]y =

ms(a a
a f)z (ﬂf(ﬂ)ﬂ'f(b))[c}f, Va,b,c e A

e (a) (e (b)lc]
In order to establish property 3. we calculate as follows, for arbitrary a,b,c € A:
(rep(a)*[blg, [cl ) = ([blg s (@) [c]y) = ([blg, lac]y) = f(b¥ac)
= f((ab)"c) = ([a" bl [c]f) = (s (a™)[b]y, [c]),

hence 7ty(a*) = 7t¢(a)* foralla € A.
Finally note that our construction gives for alla € A

(Qf, 705 (a) Q) = (g, 7t (@) L] ) = f(I"al) = f(a),
therefore the representation formula holds.

Uniqueness up to unitary equivalence: Suppose that we also have f represented as f(a) = (O, 7t(a)Q)). Define a linear mapping
U:Hf— Hby
Ula); =m(A)Q, Vac A

It follows that UY is linear and satisfies, for all a,b € A

(U], U°bl ) = (70(a)Q, (D)) = (Q, m(a"D)Q) = f(a*b) = ([a], [b] ).
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We conclude that U? is an isometry defined on the dense subspace H? with dense range 71(A)Q, hence it extends continuously to a
unique unitary operator U : H; — H. Next calculate

mt(a)mt(b)Q = 7t(ab)Q) = Ulab] s = Urs(a)[b]f =
= Urs(a)U Ub]f = Urp(a)U (b))
foralla,b € A. Since 7w(A)Q) is dense in H we conclude 7t(a) = Urts(a)U* foralla € A. O

3.3 Normal States

In the last section we considered positive linear functionals f on a C*-algebra
A with unit I satisfying f(I) = 1. Such functionals are called states of .A. Here
under an addtional continuity asssumption we determine the general form of
states in the case where A is a weakly closed subalgebra of B(#) (see Section
2.3),i.e., if Ais a von Neumann algebra.

By Propositon [3.2.2]states are continuous for the (operator) norm when A is
a C*-algebra. Note that states generate the cone of positive linear functionals.

Simple examples of states are vector states y,, x € H, ||x|| = 1, defined by

uy(A)=(x,Ax) Ac A (3.26)

Another class of examples is obtained as follows. In Formula 2.18/choose g, =
e, with {e,} € 2(H) and ¥, ||e.||> = 1. Then the operator T =Y, [e,,e,] is a
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positive trace class operator with Tr(T) = ¥, ||e4]|* = 1 and the formula

T(A)=Tr(TA) =) (en Aey) (3.27)

n

defines a state on B(H).

It turns out that under the conditions we are considering every state on A
will be of this form. This result is used quite often in quantum physics and
naturally in the theory of operator algebras.

Definition 3.3.1 A positive linear functional u on a von Neumann algebra A C
B(H) is called

1. normal if for every bounded increasing net {A;:i € I} CA,={Ac A: A*=A}
one has

u(sgp Aj) = sgpu(Ai)- (3.28)

2. completely additive if for every orthogonal family of projections p; in A one

has
n(y_pi) =) _u(pi). (3.29)

icl i€l
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Note that a family of projections is called orthogonal if any two different pro-
jections are orthogonal, i.e., p;p; = 0 for i # j. In this context it is important to
be aware of the following simple result.

Proposition 3.3.2 (Theorem of Vigier) If {A;:i € I} C B(H) is a bounded in-
creasing net of self-adjoint operators then there is a self-adjoint operator A = sup,; A;
such that

A= 11}’]?1 Ai

in the strong topology on B(H).

Proof. Every x € H defines an increasing net (x, A;x) in R which is bounded by C ||x||* if C denotes the bound for the given net
(||As]] < C for all i € I), hence the net converges. The polarization identity (Proposition 14.1.2) implies that the net (y, A;x) converges
for any fixed x,y € H; denote the limit by B(y, x). It follows that B(y, x) is a symmetric sesquilinear form on H bounded by C ||y|| || x||-
Such forms define a unique self-adjoint operator A € B(H) by B(y,x) = (y, Ax) for all x,iy € H. By construction (y, Ax) = lim;(y, A;x),
hence A = lim; A; for the weak topology on B(H ). Furthermore, for every x € H,

(x,Ax) = li§n<x,Al~x> =sup(x, A;x),
I
hence A = sup; A;.

Since the net is bounded it follows that A = lim; A; for the strong topology on B(#): For every x € H we can estimate Ax — A;x,
using A — A; >0,

(A~ Al =4 — 402 — a2 < [[(a— a2 a - a2
=[|A—Al| (x, (A — Aj)x) <2C(x, (A — A;)x);

thus weak convergence of the net implies strong convergence. O
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Note that in our context this result implies that sup, A; € A so that (3.28) is
meaningful. The main result of this section is

Theorem 3.3.3 (characterization of normal states) For a state u on a von Neu-
mann algebra A C B(H) the following statements are equivalent:

a) y is normal;
b) u is completely additive;

c) u is of the form
u(A)=Tr(AW), AecA (3.30)

with a positive trace class operator W with Tr(W) = 1.

Proof. For the proof we proceed in the order of the implications a) = b) = ¢) = a).
a) = b): Let {p; : i € I} be any orthogonal family of projections in .A. For finite parts ] of the index set I introduce the projection
p; = Licjpi- Then {p; : ] C I, ] finite} is a monotone increasing net which is bounded by id. Thus by Proposition

lym:Zm

i€l
Since y is assumed to be normal it follows

MZm%ﬂ?w@ﬂ=h?Zu@0=ZV@&

icl i€] i€l

hence p is completely additive.
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b) = ¢): This is the core of the proof. The main technical part of the argument is formulated in the following Proposition 3.3.4] This
proposition states that a completely additive state y on A is strongly continuous when restricted to the unit ball .4; of A. Then the
second part of Theorem implies that y is of the form

u(A) =Y (gn Aes), AcA

n

with {gn},{en} € (?(H) where we used (2.18). As in the introductory example the form (3.30) of u follows.
c) = a): Again according to the second part of Theorem u is o-weakly continuous if c) is assumed. On bounded sets the weak
and o-weak topology agree according to Lemma Thus by Proposition we conclude. O

Proposition 3.3.4 Every completely additive state y on a von Neumann algebra A C
B(H) is strongly continous when restricted to the unit ball A, of A.

Proof. For the proof we have to find suitable seminorms for the strong topology by which we can estimate the given state. This could
be achieved by finding suitable vector states which dominate y. This idea can be realised first on certain parts of A and then on all of
A.

Claim 1: There are a nonzero projection p € A and a vector x € ‘H such that

p<px on pAp.

For the proof of this claim choose x € H, ||x|| = 1. Then we have i, (I) = (x,Ix) =1 = pu(I). Introduce Py = {p € A : p = projection, x(p) < (p) }.
If Py is empty, then p(p) < px(p) for all projections p in A and we are done.
If Py is not empty consider the collection P of all subsets

P = {p; € Py : p; mutually orthogonal} C Py.

By set inclusion P is a partially ordered set in which every chain has an upper bound (the union of the elements of this chain). Hence
by Zorn’s lemma P has a maximal element P. Then p =}, cp pi < I and thus, since y is completely additive,

ue(p) = Y pelpi) < Y upi) = u( Y, pi) = pu(p) < pu(l) = px(I),

picP picP pi€P

hence p < I and therefore g = I — p # 0. Since every projection 4’ € q.Aq is orthogonal to each p; € P, by maximality of P we know
q’ ¢ Py, and thus for all projections g’ € q.Aq it follows u(q") < px(q’).
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According to the spectral theorem (Theorem ??ﬂ every positive A € g Aq is the norm limit of linear combinations E;-l:l Ajg; of
projections g; € q.Aq with positive coefficients A;. The above estimate implies

n n n n
n(YoAap) = Y Ain(a)) < Y Ajux(a;) = p (32 Ajay)-
j=1 j=1 j=1 j=1
Since i and py are continuous with respect to the norm topology we get in the limit
u(A) <pux(A), A€qAqA=0

and claim 1 follows.
Claim 2: There is a family {p;} of mutually orthogonal projections in A and of points x; € H such that

u<py on piAp; and Y pi=1I (3.31)

The proof of this claim relies again on Zorn’s lemma. According to the first claim we know that the set
So={(p,x): p projectionin A,x € H,u < p, on pAp}
is not empty. Then consider the collection S of subsets
S ={(pi,xi) € So : {pi} mutually orthogonal}.

S is partially ordered by set inclusion and then every chain in S has an upper bound. Zorn’s lemma implies that S has a maximal
element S;,. Define p as the sum of all projections p; for which (p;,x;) € Sp: p =Y pi- If p < I then g = I — p is a nontrivial projection.
Apply the statement of the first claim to g.4q C B(qH ). Hence there is y € ¢ and a projection pg € g.Aq such that y < 1, on poq.Agpo.
By construction py is mutually orthogonal to all projections p; with (p;,x;) € S;. This contradicts the maximality of S,, and therefore
wegetp=Y,p;=1Iand follows.

Claim 3: Given € > 0 there is a neighborhood of zero U for the strong topology such that |;(A)| < e forall A € UN A;.

The proof of this claim follows now easily from (3.31): Since y is a completely additive state we know

V= p(l) = pu(api) = L_n(pi);

10ur version of the spectral theorem proves this claim only for the case .A = B(#). For the general case of A C B(H) we have to
refer to Theorem 5.2.2 of[19.
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thus the index set of our maximal family S, is countable and there is a finite subset | of the index set of our maximal family S,

such that ;e p(p;) <1 - %. For g = I — Y ic; pi this gives p(q) < 54—2. Define U = {A € A:Y,c||Apix|]| <€/2} and observe yu(A) =
#(Aq) + u(AYicypi)- Forall A € Awith ||Al| <1 we estimate as follows:

1(Agq)| < (A" A u(g )V * < u(g)/? <e/2

and similarly

(AT )| < T Aps)| < Yo (I D2 u((Ap)* Ap) > = Y p(piA* Api)

i€] i€] ic] i€]
< Z‘uY p,A Apz 1/2 ZHAW@H
ie] i€]
Putting these estimates together gives our claim 3 for the neighborhood U introduced above. O

3.4 Completely positive maps

In Section 3.2.1] the general form of positive linear maps

has been determined for C*-algebras. A natural extension of this problem is
to look for the general form of positive linear maps with values in the space
M;(C) of complex k x k matrices

FZA—)Mk(C), k>1,



102 CHAPTER 3. OPERATOR ALGEBRAS AND POSITIVE MAPPINGS

or even more general for mappings with values in a C*-algebra of operators
on a Hilbert space H,
F:A— DB, BCB(H) (3.32)

extending the representation formula (3.19). This problem was investigated
and solved by Stinespring in 1955 for the general case of C*-algebras 23l It
was found that one can arrive at a representation formula similar to (3.19) if
one imposes on F a stronger positivity requirement, namely that of complete
positivity.

3.4.1 Positive elements in M;(A)

Let A be a C*-algebra. For k =1,2,... introduce the space My(.A) of k x k
matrices [a;;] with entries a;; € A,1,j =1,...,k. In a natural way this space is a
C*-algebra (with unit if .A has a unit) (see 24).

According to our earlier discussion we call an element

ai - A1k
a=lajl=|: + |, aeA
Ax1 - Ok

positive, a > 0 if, and only if, a = c*c for some c € M(.A).
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If Ais a C*-algebra of operators on a Hilbert space H then a = |a;;] € M(A)
acts naturally on

M == (@ 8 G € Hj=1,.. k) (3.33)

according to the rule

k
([aij]g)i = Zaijéj' g € Hk. (334)
j=1
The space (3.33) is a Hilbert space with the scalar product
k
(Cmhae = Y AGmdn, ¥ Em e (3.35)
j=1

Positive elements in M (.A) are characterized by the following lemma (see
24):

Lemma 3.4.1 The following conditions are equivalent for an element a = [a;;] € Mi(A):
(1) a = b*b for some b € My(A);
(2) <§r“§>%k > 0forall € HE
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(3) a = |a;j| is a sum of matrices of the form [a}a;], ai,...,ar € Mi(A);

(4) Forall x1,...,x, € A one has

k
Z x;kai]-x]- > 0 inA.
i,j=1

Proof. (1) = (3): If a = b*D for some b € My(A), then a;; = (b*b);; = vk _ b bj; cm = [b),:bmj] € Mi(A) is of the claimed form and

a= Z@zl ¢m- Thus (3) holds.

m=1"mi

(3) = (4): If we know a = [a}a;] for some a; € A and if any elements x1,...,x; € A are given, then

k k
Z x;kaijxj = Z xia

ij=1

now b = Zle a;x; € Aand

hence this sum is positive.

k ok
* —_— . . . .
i A= Y aix; Za]x] ,
ij=1 i=1 i=1

k
Z x?ai]-xj = b*b,
i,j=1

(4) = (2): If (4) holds, then by condition (3.14), for allx € # and all x; € A,

It follows
for all (S H¥ which are of the form

But this set equals #*, hence (2) holds.

k
(x, (Z x;‘ai]-x]) x)y > 0.

i,j=1

<§/{1§>Hk >0

§=(x1x,...,0qx), x€Hx €A
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(2) = (1): If (2) holds, the square root lemma (Theorem 21.5.1) implies that a has a positive square root b = \/a € My (.A) such that
a="b?>=b*band (1) follows.
Note that (1) = (2) is trivial and also (3) = (1) is simple. If a is of the form [a}a;], then

aia - oaje (o 0 -0\ [T
a= : : : =|: : |-\ . . . |=b
afay -+ agag af 0 -+ 0 0 0
hence (1). o

Elements in Mj(.A) which satisfy any of the 4 equivalent conditions of Lemma
3.4.1|are called positive.

Lemma 3.4.2 Let A be a C*-algebra of operators in a Hilbert space H. Then, given
any ay,...,ax € Aonehas foralla € A

* 271 % .
[(aa;)* (aaj)] < ||a]|”[afa;] inMy(A). (3.36)
Proof. The matrix of operators [(aa;)*(aa;)] acts on the Hilbert space H* according to and for all x = (x1,...,x;) € H* we have
2 2
(x [(aa;) (aap))x)ge = || L aap || < llal® | S| = llal® x o aj]x) e,
I H J H

thus (3.36) follows. |
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3.4.2 Some basic properties of positive linear mappings

In the proof of the Stinespring factorization theorem for completely positive
maps we need some basic properties of positive linear maps. These are briefly
discussed here.

Let A and B be x-algebras. Recall: Elements a in A are called positive (more
accurately, nonnegative), in symbols a > 0, if there is b € A such that a = b*b.
A corresponding characterization of positive elements applies to 5. Further-
more, a linear mapping T : A — B is called positive if, and only if, for all
a € Awitha > 0onehas T(a) >0 (in B).

Knowing what positive elements are, we can define an order on .4 and B:
For a;,a; € A one says that a; is smaller or equal to a,, in symbols a; < ay, if,
and only if, a, —a; > 0.

For any positive linear mapping T : A — B the following holds:

a,00 € A, a1 <a, = T(al) < T(&lz) . (337)
Positive linear maps T : A — B satisfy the following important estimates:

Lemma 3.4.3 Suppose that A is a C*-algebra with unit I. Then any positive linear
map T : A — B satisfies

T(x*a*ax) < ||a||*T(x*x) VaxecA. (3.38)
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In particular

T(a*a) < ||a||*T(I) VacA
and thus T(I) = 0 implies T = 0.
Proof. From (3.17) we know for all a € A

a*a < |a|’I, (3.39)

hence for all x € A,
xa*ax < |a|®x*x,

and thus for any positive linear mapping T : A — B estimate (3.38) follows. If we choose x = I we get the estimate for T(a*a). This
estimate implies that T vanishes on all positive elements of A if T(I) = 0. Now observe that every a € A can be written as

1 1
a= E(a+a*) +i£(a—a*)

where the elements a, = %(a +a*)and a; = %(a — a*) are self-adjoint (Hermitian), i.e., a};, = a, ;. From spectral theory it follows that

every self-adjoint b € A can be written as the difference of two positive elements in A, b = by — b_ with by > 0. By linearity of T we
conclude that T vanishes on all of A.
O

3.4.3 Completely positive maps between C*-algebras

Suppose that a linear map F : A — B between two C*-algebras A, B is given.
For k=1,2,... it induces a map

Fk : Mk(.A) — Mk(B), Fk([ai]-]) = [F(&lij)], . (340)
foralla;c A, i,j=1,2,...,k.



108 CHAPTER 3. OPERATOR ALGEBRAS AND POSITIVE MAPPINGS

Definition 3.4.4 A linear map F : A — B as above is called k-positive if, and only
if, Fy is positive, i.e., if Fx maps positive elements of My(.A) to positive elements of
My (B), If F is k-positive for all k € IN then F is called completely positive.

Remark 3.4.5 In Physics literature the map Fy is usually written as
F=L®F: My(C)®A— M(C)®B. (3.41)

Naturally, our characterization of positive elements in M(.A) of the previ-
ous subsection implies a characterization of k-positive and completely positive
maps.

Corollary 3.4.6 Let F : A — B be as above. Then F is k-positive if, and only if,

k
* * .
inEA \v/]/]’EB Z Y P(xi x])y] Z 0 inB. (342)
i,j=1
Proof. By condition (3) of Lemma every positive element [4;;] in My(.A) is a sum elements of the form [x7x;], x1,...,x; € A; hence

F is k-positive if, and only if, [F(x; x;)] is positive in My(B). According to Condition (4) of Lemma this is the case if, and only if
condition (3.42) holds. Thus we conclude. O

Corollary 3.4.7 Let F : A — B be as above with B = M;(C) = C. If F is positive,
then F is completely positive.
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Proof. 1f F: A— C s posmve then F(b*b) > 0 for all b € A. Using the characterization (3.42) we show that F is k-positive for all k.
For y; € C the sum in ( can be written as

Z]X:lyz X %))y = F ((éym) (Zyﬁg)) — F(b*D).

Thus, by Corollary F is k-positive and we conclude. o

Our first example of a completely positive map F : A — B: Any homomor-
phism F of C*-algebras is completely positive.

The proof is simple. Using Corollary 3.4.6) we show that a homomorphism
of x-algebras is k-positive for every k € IN. For all x; € A and all y; € B one
has, using the properties of a homomorphism of *-algebras and Lemma 3.4.1

k k [k
Y YiF(xixp)y Z yi F(xi)"F(x)y; = (ZF(xi)yl) <ZF(xj)yj>
i,j=1 i=1 j=1

which is certainly > 0 in B. Hence F is k-positive for every k and therefore
completely positive.

Our next example is just a slight extension of the first. Let 7: A — B a
*-homomorphism of A and V some element in B; define F : A — B by

F(a)=V*n(a)V, VaeA. (3.43)
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A similar calculation as above shows that F is a completely positive map. For
all x; € A and all y; € B one has, using the properties of a homomorphism of
x-algebras and Lemma 3.4.1]

k
Z yi E(xfxg)y; = Z yi Ve (x) e (x;) Vyy =

(Zn Vyl> (Zn(xj)Vy]) >0in B.

j=1

Note that if V' is not unitary then the map F of (3.43) is not a representation of

A.

3.4.4 Stinespring factorization theorem for completely positive maps

The Stinespring factorization theorem shows that essentially all completely
positive maps are of the form (3.43). The proof is a straightforward extension
of the proof for the GNS-construction.

We state and prove this result explicitly for the case where A and B are
C*-algebras of operators on a Hilbert space. The general case is given in 24.
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Theorem 3.4.8 (Stinespring factorization theorem) Let A be a C*-algebra with
unit [ and B C B(H) be a C*-algebra of operators in a Hilbert space H. Then for every
completely positive map f : A — B there exist a Hilbert space Ky, a representation
s of Ain Kg, and a bounded linear operator V : H — Ky such that

fla)=V*ns(a)V VacA. (3.44)
Furthermore, forall § € H , [|VE||, = || f(1)V*¢ ]|,

Proof. Construction of K¢: On the algebraic tensor product A ® H define, for elements { = Zi«;l a; ¢, X = 2521 bjonin AQH,

(Cx)f= ZZ &i f(afby)n;)y (3.45)

i=1j=
One verifies that this formula defines a sesquilinear form on A ® H. In particular, in the notation of Section 4.1,

k

(€0 = 2 (Ciflajay)ii)a = (&, [f (a7 a)))E)pe = (&, fi(la7a]) &) -

i=1,]

According to Lemma([3.4.1|the element a = [a}a;] € M (A) is positive and, since f is completely positive, f; is a positive mapping from

My (A) into My (B), hence fi([afa;]) is a positive matrix on H* and we conclude (7, )f > 0. Therefore the sesquilinear form ( i is
positive semi-definite and hence it satisfies the Cauchy-Schwarz inequality

We conclude that the kernel

k
Ifz {§:Zai®§i6A®H: <€,§>f=0}

i=1

of this sesquilinear form is a linear subspace of A ® H. On the quotient space

ICf A®H/1f—{[€]f=§+lf:€€A®H}
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the formula

(elf, xlp) = (Cxy

then defines an inner product and thus the completion K of IC? with respect to the norm defined by this inner product is a Hilbert
space.

Construction of 7¢: For [{]¢ € K9, 7= Zi":l a; ® ¢; € A® H define

k
wp(a)[gly = [y aa; @ iy Vae A (3.46)
i=1
At first we calculate

k k k
(m3(a)[C]5 7y (@) 2] ) = <[X; aa; @ i, [21 aa; @ §jlf) = <;ﬂ”i ® G,
1= ]= 1=

k

k
71%’ &)=Y (G f((aa;)*(aaj))Ej)n = (&, fi([(aai)* (aa;)])E) pyx

ij=1

)
where ¢ = (81,...,8k) € HE. Lemmasays
lafa*aa)) < |la|? [a} a;).

Since f is completely positive, the map f is positive and therefore

fi(la;a*aaj]) < |la||? fi([a}ay)).
We conclude
(& fe(l(ani)* (aa)))E) g < llall* (& ficllafa;))E) g
and hence

(3(@)(2)p 7} @) [2]p) g < llall* (2], ()5 5 (3.47)

This estimate shows first that n?(a) is well defined (i.e., ﬂ?(ﬂ) is indeed a map between equivalence classes and does not depend on

the representatives of the equivalence classes which are used in its definition).
Now, using (3.46), it is a straightforward calculation to show that 7'(? : ICJ? — KU is linear. Then 1i implies that this map is

f
bounded and Hn?(a) <|al|
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From the definition (3.46) it is immediate that 71? satisfies
n?(ab) = njg(a)n?(b) Vabe A

In order to show
n?f(a*) = 7'(19(11)* Vaec A
we calculate as follows: For 7, x as in (3.45) and a € A, using (3.46),

k 1

(p(a)18)s, [x]y) = ([C] g, 73 (a) Z;Z% &i f(ajab)n;)y
i=1j=

kol k

2121 i, f((a*a;)"bj)yj)y = <[X;(ﬂ*ﬂi) ®§i]fz[£%bj®ﬂj]f>

1 ] 1= ]:

= (m3(a") (¢l [X]) -

Since this identity is true for all [{]f, [x]f € IC?; we conclude.

This establishes that n? is a representation of A on IC?,.

By continuity 71??( has a unique extension to a representation 777 on the completion K¢ of IC?(.

Construction of V: Define V0 : H — IC?[ by
ViZ=[I®¢f]; VEIEH. (3.48)

An easy calculation shows that V0 is linear. Now calculate
(VO Vo8) = (i@ g l@d)r = fI N u < If(D(EE)n VEeH.
This shows that V? is bounded. Since f(I*I) = f(I) is positive we know f(I) = (1/f(I))? and thus

[voq] < HM@HH eH. (3.49)

In the case of f(I) = I, V? is thus an isometry.
Now fora € A and ¢ € H the identity

@)V = [a® )y
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follows. We deduce

nj%(A)VOH = ICJ?. (3.50)
V¥ is extended by continuity to a bounded linear operator V : H — K £ and then the last condition reads
[ﬂf(.A)VH] = ’Cfr (351)

where [-- -] denotes the closure of the linear hull of - - - in K.
Now all preparations for the proof of the Stinespring factorization formula have been done. For 77, € H one finds for all a € A,

(Vo n}(@)Vo) = (@ nlpla@Els) = (1@ n,a®E)r = (1, f(I"a)E)u

and therefore f(a) = (V0)* n?(a)VO for all 4 € A. By continuous extension the Stinespring factorization formula lb follows. 0

Corollary 3.4.9 (Uniqueness under minimality condition) Let f : A — B be
a completely positive map as in Theorem 3.4.8/and let

fla)=U'n(a)U, acA (3.52)

be a Stinespring factorization of f with a representation 1t of A in a Hilbert space K
and a bounded linear operator U : H — K. If this factorization satisfies the mini-
mality condition

[m(AUH] =K (3.53)

then, up to a unitary transformation, it is the factorization constructed in Theorem
3.4.8
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Proof. We begin by defining a linear operator Wy : 774 (A)VH — 7(A)UH by the formula

k k
Wo (Z nf(x,-)Vél) Z Xl ugl X; € A, éi ceH. (3.54)
i=1

Now calculate the inner product of these images in K:

k k

l
Wozﬂf Xi VCUWOZ”f Yi V’?] K= Z 7 (x; uﬁzzzﬂ Yj u’7]
=1 i=1 j=1

(ug;, m(x;)" ﬂ(yj)u'?j>ic=ZZ@:‘,U*ﬂ(xfyj)UﬂjM

i=1j=1

™~
M-

Il
=
<.
Il
-

k 1

2 (Gir f(y)nj)n = Yo N (& V() e (y) Vi

i=1j=1

1=
MN

Il
[
=
~ I

I
= <2 ﬂf(xi)Vé’i/Ziﬂf(yi)Vﬂj%
1= j=

We conclude that Wy : ¢ (A)VH — mt(A)UH is isometric and thus extends by continuity to a unitary operator
W [re(A)VH] — [r(A)UH],
i.e., because of the minimality condition to a unitary operator W : Ky — K. From the above definition the relations
Wre(-)W*=n(-), WV=U

follow immediately. O

Corollary 3.4.10 Let f : A — B be a completely positive map as above. Then the
inequality

fla)y fa) < If(D)] f(aa) (3.55)
holds for all a € A.
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Proof. By Theorem f has a Stinespring factorization f(a) = V*m(a)V and thus
fla)*f(a)=(V'n(a)V)'V'r(a)V=V"1t(a)*VV*r(a)V
< |[VIPV*r(a) n(a)V = | V| f(a*a).

The estimate |[VE]|, < Hf(l)l/zé’HH for & € H implies || V|| < Hf([)l/ZH or |[V|* < Hf([)1/2H2 = £(D]. =

3.4.5 Completely positive mappings on B(H)

Theorem (3.1.5 determines the structure of representations of the C*-algebra
B(#). If we combine this result with Stinespring’s factorization theorem we
arrive at a more concrete form of completely positive mappings on B(H ).

Suppose that operators aj,...,a, € B(H) are given. Define f,, : B(H) —
B(H) by

fm(a) = ia;‘aaj.
j=1

Using Corollary 3.4.6/one shows easily that this mapping is completely posi-
tive. Next suppose that we are given a sequence {a;} C B(#) of operators for
which there is a positive operator B such that for all m € IN

Sw=) _a;a;<B. (3.56)
j=1
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Thus we get a sequence of completely positive mappings f,, on B(7) which
converges.

Lemma 3.4.11 (completely positive maps on B(#H)) For a sequence of operators
a; € B(H) which satisfies (3.56)) the series

f(a)= Za;‘aa]-, a € B(H) fixed (3.57)
j=1
converges in the ultraweak operator topology on B(H ) and defines a completely posi-
tive mapping which satisfies
f(I) <B. (3.58)

Proof. Recall that every a € B(H) has a representation as a complex linear combination of four positive elements. Thus it suffices to
show this convergence for positive a € B(#). In this case we know that 0 < a < ||a|| I and it follows for arbitrary x € H and m € N

i

™=
=

Hal/za]-x

m
1<x,a}“aajx) < 2 lla]l (x,a;‘a]-x> < ||a|| {x, Bx),
1 j j=1

]

hence this monotone increasing sequence is bounded from above and thus it converges:

e

1<x,a]’faajx> < ||a|| {x, Bx).

]

The polarization identity (14.5) implies that for arbitrary x,y € H the numerical series

()

Z(x,a;kaajw

j=1
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converges. This shows that the series (3.57) converges in the weak operator topology and thus defines f(a) € B(#). Since the partial
sums of the series considered are bounded we also have ultraweak convergence by Lemma (on bounded sets both topologies
coincide).

Finally we show that f is completely positive by showing that it is k-positive for every k € IN. According to Corollary choose
arbitrary Ay, ..., Ak, B1,..., By € B(H). For every x € H we find

k
(x, Y Bi f(AjAj)Bjx) = hm Z B} fu(A Bjx) >0
ij=1 ij=1

since fy, is k-positive. We conclude that Y% (A7 A;)B; > 0in B(H) and hence f is k-positive. O

z]lz

Combining Stinespring’s factorization theorem with Theorem 3.1.5/shows that
essentially all completely positive mappings on B(#) are of the form (3.57).

Theorem 3.4.12 Every completely positive mapping f : B(H) — B(H) is of the
form

fla) = Vimo(a)Vo+ ) ajaa;, ac B(H) (3.59)

jel

with the following specifications:
7Ty is a representation of the quotient algebralB(H)/B.(H) on a Hilbert space H,
(hence 1to(b) = 0 for all b € B.(H)), Vi is a bounded linear operator H — Ho, | is
a finite or countable index set, and a; € B(H ) satisfy

Za]’-‘aj < f(I). (3.60)

j€J
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Proof. Theorem implies that a given completely positive mapping on B(#) is of the form (3.44) with a representation 7t of B(H)
on a Hilbert space K and a bounded linear operator V: H — K, i. e,,

fla)=V*n(a)V, acB(H).

The general form of representations of B(H) has been determined in Theorem According to this result 7t has the direct sum
decomposition (J some finite or countable index set)

T=70D @ 7Tj
i€l
where for j € | 71; is the identity representation 7t;(a) = a in the Hilbert space H; = H and where 71 is a representation of the quotient
algebra B(#)/B:(#). This means that there is a unitary operator U from the representation space K of 7t onto the direct sum of the
Hilbert spaces of these representations

Ho @ @'Hj.
i€l
Denote the projectors of UK onto Hg by Py, respectively onto #H; by P;, j € J. Thus f(a) = V*rt(a)V takes the form
fla) =Vimo(a)Vo+ ) ajaa;, a€B(H)
i€l

where Vy = Py)UV and a; = P;UV for j € . Since 71y(I) > 0 one has the bound (| ). ]
i =4 J
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Chapter 4

Positive mappings in quantum physics

Abstract: This chapter offers some results which will help to understand some
foundational aspects of quantum mechanics. It relies on some results pre-
sented in the last chapter. The first section discusses the general form of o-
additive probability measures on the complete lattice of orthogonal projec-
tions on a Hilbert space (Gleason’s theorem) and its variations. In quantum
mechanics and in quantum information theory quantum channels or quantum
operations are defined mathematically as completely positive maps between
density operators which do not increase the trace (see for instance [18). Thus
in the next section we determine the general form of quantum operations on
a separable Hilbert space, i.e., we prove Kraus’ first representation theorem

121
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for operations. Usually quantum information theory studies systems of some
finite dimension n and then density operators are just positive n X n matrices
with complex coefficients which have trace 1. In this context the relevant C*-
algebra is just the space M,,(C) of all n x n matrices with complex entries, for
some 1 € IN. Therefore in the last section we determine the general form of
completely positive maps for these algebras (Choi’s results). Of course, this is
a special case of Stinespring factorization theorem, but some important aspects

are added.

4.1 Gleason’s theorem

In Theorem we learned that the continuous linear functionals on the
space of all compact operators on a separable Hilbert space H are given by
trace class operators according to the Trace Formula (2.10). There is a pro-
found related result due to A. Gleason which roughly says that this trace for-
mula holds when we start with a countably additive probability measure on
the projections of ‘H instead of a continuous linear functional on the compact
operators on H (Recall that all finite dimensional projections belong to the
space of compact operators).
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Gleason’s result 11/ is very important for the (mathematical) foundation of
quantum mechanics. A historical perspective and some key ideas related to
this work are presented in 7.

Theorem 4.1.1 (Gleason’s theorem) Let u be a countable additive probability mea-
sure on the projections of a separable Hilbert space H of dimension greater than 2.
Then there is a unique nonnegative trace class operator W of trace 1 such that for
every projection P on ‘H one has

u(P) = Tr(WP). (4.1)

The original proof by Gleason relies on methods not related to topics presented
in this book. And this proof is quite long. Accordingly we do not present it
here. Instead we discuss a weakened version due to P. Busch 6. A proof of
Gleason’s original result which is more easily accessible is 20.

In 16/ the physical meaning of effects and their mathematical realization is
explained. Denote by £ () the set of all effects on the separable Hilbert space
H,i.e., the set of all A € B(H) which satisfy 0 < A < I.

Definition 4.1.2 A generalized probability measure on all effects on a seperable Hilbert
space H is a function y : £(H) — R which satisfies
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1) 0<u(E)<1forallE€ E(H),
2) () =1,
3) for any sequence (E;) C E(H) such that ) ; E; < I one has

u(3_Ej) =) u(E)).
J J

Similar to Gleason’s result one would like to know the general form of gen-
eralized probability measures on effects. It turns out that the analysis in this
case is much simpler, mainly due to the fact that now a more or less standard
extension in the ordered vector space of self-adjoint elements in B(H )

Bs(H) =B(H)+ — B(H)+
which is generated by the positive elements, is possible.

Lemma 4.1.3 Any generalized probability measure u on £(H) is the restriction of a
positive linear functional f : B(H) — C to the set of effects E(H): u = f|em).-

Proof. Because of the defining conditions 1) and 3) a generalized probability measure u on effects is monotone, i.e., if E,F € £(H)
satisfy E < F then p(E) < u(F). If E € £(H) and n € N are given, condition 3) implies y(E) = nu(1E), since E=1E+ .-+ 1E (n
summands). Next suppose 12,1 € N are given and m < n so that m/n < 1, thus 'E € £(H) and the relation y(%E) = % #(E) implies
(--- means m summands) .

m

Pu(E) = mp( E) = E+ oo E) = (™

E
n )
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and therefore y(gE) = qu(E) for all rational numbers g € [0,1].
If 0 < r < 1is any real number there are sequences of rational numbers g;,p; € (0,1) such that p; | r and g; 1 r and for all j € N,
0 <g; <r<pj <1 Then we know ¢;E < rE < p;E and therefore by monotonicity of y

qiu(E) = u(q;E) < u(rE) < pu(p;E) = pju(E).

In the limit j — oo we thus get ru(E) < u(rE) < ru(E). This implies p(rE) = ru(E) forall E € £(H) and all € [0,1].

Next suppose that A € B(H) is given satsfying 0 < A butnot A < I. Then thereis r > 1 such that E = 1 A € £(). But clearly r and
E are not unique. If we have A = r{Eq = rpE; we can assume that rp > r; > 1 so that 0 < % < 1. It follows u(Ep) = y(%El) = %y(El)
or ru(Eq) = rop(Ez). This allows to define pq : B(H)+ —> R by p1(A) = ru(E) whenever A =rEwith E € E(H) and r > 1.

Clearly y4 is positive homogenous on the convex cone B(H ) of nonnegative bounded linear operators on .

In order to show that 4 is additive on B(H ) take A,B € B(# ). Then thereis r > 1 such (A + B)/r € £(H). The definition of j
gives u1(A + B) =ru(3 (A + B)) = ru(A) + (3 B) = p1(A) + 1 (B).

Altogether we have shown that 4 is an additive positive homogeneous function on the convex cone B(# ). Thus, according to
a standard procedure in the theory of ordered vector spaces, the functional y; can be extended to a linear functional p; on Bs(H).
If C=A—-BeB(H)+ — B(H)4+ define up(C) = u1(A) — u1(B). It is easy to see that i is well defined. If C is also represented
as A’ — B' € B(H)+ — B(H)+, then it follows u1(A) — u1(B) = pu1(A’) — u1(B’), since A’ + B = A + B’ implies y;(A’) + pu1(B) =
#1 (A" +B) = (A + B') = u1(A) + p1(B’). In order to show that y; : Bs(H) — R is additive take C=A —Band C'=A"— B' in
B(H)+ — B(H)+ and calculate yp(C+C') = up(A—B+ A" —B')=up(A+ A" — (B+B')) =u1(A+A") —u1(B+B') = u1(A) +
#1(A") = (B) = 1 (B') = pa(A = B) + pa (A" = BY) = 2 (C) + pa (7).

Clearly, since yj is positive homogeneous, so is . Next suppose A < 0 and C=A — B € B(H)+ — B(H)+ are given. Then
QC TC()_/\)B —(=AM)AeB(H)+ —B(H)+ and s 2(AC) = 1 ((=A)B) =1 ((=A)A) = (=A)p1(B) = (=A)pa (A) = A(p1 (A) — 1 (B)) =

H2(L).

It follows that yp : Bs(H) — R is a positive linear functional which agrees with p on £(H). Since B(H) = Bs(H) + iBs(H)
the real linear functional y, is extended to a complex linear functional f : B(H) — C by setting for A =a +ib € Bs(H) + iBs(H),
f(A) = pa(a) +i2(b). A simple calculation shows that f is indeed complex linear on B(#) and by construction p = f|¢ (3. ]

Note that in the proof of this lemma Condition 2) has not been used and Con-
dition 3) has been used only for finitely many effects.
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Theorem 4.1.4 (Busch) Any generalized probability measure u on the set of effects
E(H) of a separable Hilbert space H is of the form

u(E) =Tr(WE) forallE€ E(H)

for some density operator W.

Proof. According to the extension lemma any generalized probability measure y on the set of effects is the restriction to this set
of a positive linear functional f on B(#). Such functionals are continuous according to Proposition Now, since projections are
(special) effects, condition 3) says that the functional f is completely additive (see (3.29)). Hence we conclude by Theorem [3.3.3] O

4.2 Kraus form of quantum operations

A quantum mechanical systems undergoes various types of transformations,
for instance symmetry transformations, time evolution, and transient interac-
tions with an environment for measurement purposes. These transformations
are described by the concept of a quantum operation and the nature of these
mappings has been discussed since about 50 years starting with a paper by E.
C. G. Sudarshan et al. in 1961.

A mathematically rigorous and comprehensive study of quantum opera-
tions has been published by K. Kraus in 1983 in [16. Starting from first (physi-
cal) principles it is argued that quantum operations are given mathematically
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by linear mappings
¢:Bi(H) — Bi(H)

of the space of trace class operators on a (separable) Hilbert space H into itself
which are completely positive and satisfy

Te(p(W)) <1 (4.2)

for all W € By(H) with W > 0 and Tr(W) = 1, i.e., for all density matrices on
H.

In Definition 3.4.4| we had defined completely positive mappings as map-
pings between C*-algebras which satisty certain positivity conditions. Clearly
B1(H) is not a C*-algebra with unit (if H is not finite dimensional) but it is
a two-sided ideal in the C*-algebra B(#). Therefore these positivity con-
ditions can be formulated for B;(?) in the same way as for the C*-algebra
B(#). And it is in this sense that we understand complete positivity for a
map ¢ : Bi(H) — Bi(H), i.e., ¢ is completely positive if, and only if, it is k-
positive for k =1,2,.... However in the characterization of positive elements
in B1(#) there is an important difference to the characterization of positive el-
ements in a C*-algebra. According to the spectral representation of trace class
operators (Theorem 2.1.9) T € By(H) is positive if, and only if, T = 7*7 for
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some T € B(H) (not in By(H)). The characterization of positive elements in
My (B1(H)) for k > 2 is addressed explicitly later (see Lemma 4.2.4).

4.2.1 Operations and effects

Lemma 4.2.1 If a positive linear map ¢ : B1(H) — B1(H) satisfies (4.2), then it is
continuous with respect to the trace norm:

lp(D)lly <C[T[l, C=supTr(p(W)) <1 (4.3)

where the sup is taken over all density matrices W on H.

Proof. By we obviously have that C = sup Tr(¢(W)) < 1 where the sup is taken over all density matrices. Write T = T* € B1(H)

as T =T — T where T+ = (|T| £ T) /2. We can assume that Tr(T4+) > 0. Then W1 = ﬁTi are density matrices and it follows that

T=Te(T)Wy —Tr(T-)W_
and thus ¢(T) = Tr(T+ )p(Wy) — Tr(T-)¢p(W-). According to (2.12) the trace norm of ¢(T) can be calculated as

l¢(T)lly = sup [Tr(B(T))].

[IBlI=1
Insert the above expression for ¢(T) and estimate as follows:

ITe(Te(T4 ) Bp(W,.)) — Te(T-) Bp(W-))| <
Te(T)| Te(Bo(W,)) | + Te(T-) Tr(Bo(W-))|

Since ¢ is positive we know
[ Te(Bo(W=))| < [[B| lp(W) [l = [[B Te(¢(W=)) < [[B]| C
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and thus
lo(T)lly < Te(T4)C+ Te(T-)C=C||T|;-

The adjoint ¢* of an operation ¢ in the duality between trace class operators
and bounded linear operators on H (see Theorem 2.2.3) is then a linear map

o*: B(H) — B(H)

which is positive too (see Lemma 4.2.4). From a physical point of view this
adjoint is important since it gives the “effect” F = F, corresponding to an op-
eration as

F = ¢*().

Lemma 4.2.2 Let ¢ : By (H) — B1(H) be a positive linear mapping such that Tr(¢p(W)) <
1 for all density matrices W on ‘H. Then its dual map ¢* (in the duality established in
Theorem 2.2.3) is a linear map B(H) — B(H ) which is well defined by

Tr(¢p*(B)T) =Tr(B¢p(T)) forallBe B(H), T € B1(H). (4.4)

Proof. Given such a map ¢ it is continuous according to Lemma l¢(T)|l; < C||IT||; forall T € By (H). Fix B € B(H); since

[Te(Bo(T))| < [[BI[[lo(T)lly < IBIC Tl
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T — Tr(B¢(T)) is a continuous linear functional on B (#) and therefore according to Theorem of the form Tr(CT) with a unique
C € B(H). This element C is called ¢*(B). This applies to every B € B(#) and thus defines the adjoint mapping ¢*, and by construc-
tion Relation holds. A straight forward calculation establishes linearity of ¢*, using uniqueness in the duality between B (#) and
B(H). 0

Corollary 4.2.3 For a positive linear mapping ¢ : B1(H) —> By1(H) the following
statements are equivalent:

a) Tr(p(W)) <1 for all density matrices W on H,

b) ¢ is continuous and ¢*(I) < I.

Proof. Suppose a) holds. Then, by Lemma the map ¢ is continuous. Thus according to Lemma the dual mapping ¢* :
B(H) — B(H) is well defined and Relation (4.4) holds, in particular for all density matrice W and B =1,

Tr(¢™ (DW) = Tr(p(W)).
It follows Tr(¢p*(I)W) <1 for all W. For W = [x,x], x € H, ||x|| =1 this says Tr(¢*(I)[x,x]) = (x,¢*(I)x) <1 and hence (x,¢*(I)x) <
(x,x) for all x € H and ¢*(I) < I follows.

Conversely assume b). Since ¢ is continuous the dual map ¢* is well defined and holds and thus again Tr(¢* ()W) = Tr(¢p(W))
for all density matrices W. Now ¢*(I) < I implies a)

Tr(p(W)) = Te(W2¢p* (DDW/2) < Tr (WY 2W1/2) = Tr(W) = 1.

Lemma 4.2.4 A linear mapping ¢ : B1(H) — B1(H) is completely positive if, and
only if, its adjoint mapping ¢* : B(H) — B(H ) is completely positive.
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Proof. Naturally the proof consists in showing that for all k € IN, the mapping ¢ is k-positive if, and only if, the adjoint mapping ¢* is
k-positive. We do this explicitly for the case k = 1 and indicate the necessary changes for k > 2.
If B € B(H) is given define a linear functional Fg on By (H) by Fz(T) = Tr(B¢(T)). According to Theorem [2.2.3|the duality is given
by the trace formula
Te(Bp(T)) =Tr(¢*(B)T) forallBe B(H), T € Bi(H). (4.5)

If ¢ is positive, then we know ¢(T) >0 forall T € By (), T > 0, and we have to show that ¢*(B) > 0 forall B € B(#), B > 0. According
to Theorem ¢$(T) € B1(H) is positive if, and only if, it is of the form ¢(T) = T"7 for some T = 7" € B,(H). In this case we have

Tr(Bp(T)) = Tr(Bt*1) =Tr(tBt*) >0 forall B> 0.

The duality relation implies
Tr(¢*(B)T) >0 forallT € Bi(H), T > 0.

Now choose x € H and insert the positive finite rank operator T = [x, x| defined by [x,x]y = x(x,y), y € H, into this estimate to get
0<Tr(¢*(B)T) = (x,¢"(B)x)

and thus ¢*(B) > 0 for B > 0.
Conversely assume that ¢* is a positive mapping so that ¢*(B) > 0 for all B > 0. Then, by Lemma 3.4.1] (or the square root lemma)
for some b € B(H) we know ¢*(B) = b*b and the duality relation yields

Tr(Bo(T)) = Tr(¢* (B)T) = Tr(b*bT) = Tr(bTb*) > 0

for all T > 0. As above insert B = [x, x] to get (x,¢(T)x) > 0 whenever T > 0 and hence the mapping ¢ is positive.

Now assume k > 2; abbreviate A = B;(H) and B = B(). We have to show that ¢ : My(A) — My (.A) is positive if, and only
if, ¢ : M(B) — My(B) is positive. Recall that A = [a;;] € My(A) respectively B = [b;j] € My(B) act on the Hilbert space HF =
H x H x --- x H (k components). Under standard matrix operations we have M (B) = B(H¥) and similarly My (A) = By (H*) (see the
Exercises). For the relation of traces in  and in ¥ one finds (see again the Exercises for this chapter)

K
Try ([Ty]) = ETY(T/‘;')
f

when Tr denotes the trace in /. Thus we get the extended duality formula

Tre ([bij]r ([Tij])) = Trope (5 ([63])[T351)) (4.6)
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since

k Kk
Ty ([bijl o ([Tij])) = Z Tr(bijp(Tji)) = Y Tr(¢p*(bij) Tii)-

ij=1 ij=1

Therefore we can argue for ¢ : By (H) — By (H*) and ¢} : B(#¥) — B(#*) as above for ¢ and ¢*. O

4.2.2 The representation theorem for operations

Naturally the question about the general mathematical form of a quantum
operation arises. The answer has been given in [16. In Section 3.4.5 we had
studied completely positive maps on B(#). Here we begin by investigating
completely positive maps on trace class operators and find some extensions of
the earlier results.

Proposition 4.2.5 For a sequence of operators a; € B(H) which satisfies (3.56) with
bound B the series

$(T) = iajTa;‘, T € B1(H) fixed (4.7)
=1

converges in trace norm and defines a completely positive mapping on By(H). The



4.2. KRAUS FORM OF QUANTUM OPERATIONS

related series (3.57), i.e.,

f(a) = Za}kaaj, a € B(H) fixed

j=1

converges ultraweakly and defines the adjoint of ¢, i.e.,

¢*(a) = Zafaﬂj, a € B(H) fixed.
j=1

Furthermore
¢*(I) < B.

Proof. Given0< T € B,(H) define for m € N,

¢m(T) =) _a;Ta;.
=1

Clearly ¢, (T) is nonnegative and of trace class; thus for m > n we find

m

) ajTa]’-‘

j=n+1

1@ (T) = ¢u(T)ly =

m
=Tr ( Z aﬂa}‘)
1

j=n+1

:Tr( i a;-*ajT> =Tr(SuT) — Tr(S,T)

j=n+1

133

(4.8)

where the operators S;, = Z}"zl a;faj where introduced in 1} Because of the ultraweak converges S, — S according to Lemma
3.4.11we know Tr(S,,T) — Tr(ST) and we conclude that (¢, (T)) is a Cauchy sequences with respect to the trace norm and therefore

this sequence converges in trace norm to a unique ¢(T) € Bi(H).
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Since the trace norm dominates the operator norm we also have convergence of in operator norm and thus also ultraweakly.
Since every trace class operator is the complex linear combination of four positive ones the series converges for every T € B1(H)
with respect to the topologies as indicated above. The complete positivity of ¢ follows as in the proof of Lemma

These continuity properties allow to determine the dual ¢* of ¢ easily. This dual is determined by

Te(Bp(T)) =Tr(¢*(B)T) forallBe B(H), T € B1(H).

We have
Te(BY(T)) = lim Tr(Bp(T))

and by property c) of Corollary
m m
Tr(B) a;Ta;) = Tr( Y a; Ba;T).
j=1 j=1

According to Lemma 3.4.11f we know limy e )34 a;Baj = f(b) in the ultraweak topology, hence Tr(¢*(B)T) = Tr(f(B)T) for all
T € B1(H). Thus we conclude. 0

The following representation theorem is the version Kraus has given in his
1983 Springer Lecture Notes. Its proof is actually much more complicated than
I originally thought, even after substantial preparations (Stinespring’s factor-
ization theorem, Naimark’s characterization of representations of B(7 ), char-
acterizations of completely positive maps), and I also think that in some points
it is not quite accurate. The elimination of the representation of the Calkin al-
gebra in the representation formula for operations looks quite strange to me (I
offer my own proof) and also the bound Tr(¢(W)) < I for all density matrices
W is not taken into account properly. In order to do so I have added the im-
portant Corollary 4.2.3).




4.2. KRAUS FORM OF QUANTUM OPERATIONS 135

Therefore I would be interested to see an updated proof of Kraus’ result. Maybe
you know some source?

Also, since the presentation and the proof of this result takes much more space
than I originally envisaged we might think about to include only a shortened
and simplified version. Maybe you have some suggestions.

Theorem 4.2.6 (First representation theorem of Kraus) Given an operation ¢ :
Bi(H) — Bi(H), there exists a finite or countable family {a;:j € ]} of bounded
linear operators on ‘H, satisfying

Y aia; <1 forallfinite Jo C ], (4.9)
j€Jo

such that for every T € B1(H) and every B € B(H ) one has

¢(T) =) a;Ta; (4.10)
jel
respectively
¢*(B) =) _a;Ba,. (4.11)

j€J
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The effect F corresponding to ¢ thus has the representation
F=¢*(I) =) aia;. (4.12)

jel

In the case that the index set | is infinite, i.e., ] = IN, the series in (4.10) converges
with respect to the trace norm while the series (4.11) - (4.12) converge in the ultraweak
operator topology.

Conversely, if a countable family {a;: j € ]} of bounded linear operators on H is
given which satisfies (4.9) then Equation (4.10) defines an operation ¢ whose adjoint
¢* is given by (4.11) and the effect F corresponding to this operation is (4.12).

Proof. Suppose we are given a completely positive map ¢ : By (H) — By (H) satisfying . Lemma implies that the adjoint
map ¢* : B(H) — B(H) is completely positive too, thus according to Theorem [3.4.12|¢* is of the form (3.59)

¢*(B) = Vgrto(B)Vo + ) aiBaj, B e B(H)
i€l

with bounded linear operators a; € B(H) satisfying

Za;‘a i <o ()

i€l
and where the representation 77y vanishes for all B € B.(H). According to Corollary the bound ¢*(I) < I is known and hence
Condition holds.

Proposition implies that the map ¢7(B) = ¥je;a; Baj on B(H) is the adjoint of the mapping ¢1(T) = Yjeja;Ta; on By (H). In

order to conclude we need to determine the map ¢y on B;(#) whose adjoint is the map ¢;(B) = Vi 71o(B)Vp on B(#H). This map is
defined through the duality relation

Tr(¢p5(B)T) =Tr(B¢o(T)) forall Be B(H),T e Bi(H).
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Since the representation 71y of B(H) vanishes on the subspace B.(?) we know Tr(B¢o(T)) = 0 for all B € B.(H), hence in particular
for all x,y € H setting B = [xy],

{y,¢0(T)x) = Tr([xy]go(T)) =0,
and therefore ¢o(T) = 0 for all T € B;(H) and thus ¢; = 0 on B(H). It follows

¢*(I) =) aja;.

j€]

The converse has already been proven in Proposition and Lemma [3.4.11| with the bound B = I when we observe Corollary
d2.3 O

Remark 4.2.7 Sometimes one requires that an operation ¢ is trace preserving, i.e.,
Tr(¢p(W)) = 1 for all density matrices W. This will be the case when in our represen-
tation (4.10) the operators a; satisfy

Y aiaj=1 (4.13)
jer

In order to prove this recall that according to (4.12) one has

Y aja;=¢*(I)

j€l

and that we know ¢*(I) < I. The duality relation says
Tr(p(W)) = Tr(¢" (W)
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for all density matrices W. Thus, if ¢*(I) = I then Tr(¢p(W)) =1 for all density
matrices and ¢ is trace preserving. Conversely suppose that the operation ¢ is trace
preserving but ¢*(I) # I. Then, since ¢p*(I) < I is known, there is x € H, ||x|| =1
such that (x,¢*(I)x) < 1. If the density matrix W = [x, x| is inserted into the duality
relation one gets

Tr(¢([x,x])) = Tr(¢™ (1) [x,x]) = (x,¢"(I)x) <1,

hence a contradiction and therefore ¢p* (1) = I holds.

4.3 Choi’s results for finite dimensional completely positive maps

Naturally in the case of mappings f : A — B with A = M, (C) and B =
M,,(C) we can use additional structural information to strengthen the state-
ments of Stinespring’s factorization theorem (Theorem [3.4.8) and to simplify
the proofs. This has been done in 1975 by M. Choi 8/with inspiration from elec-
trical circuit theory (n-port systems) by using the simple fact that these matrix
algebras M,,(C) have a basis

e i ij=1,2,...,n (4.14)
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where (") denotes the n x n matrix with the entry 1 in the ith row and jth
column and all other entries are 0.
In terms of this basis we can write a € M,,(C) as follows:

aixp -+ dn n B
a=1: + : |= Z ai]-e(””]), a;; € C. (4.15)
An1 - Ann Lj=1

And this allows to determine the general form of a linear map f : M, (C) —
M,,,(C) easily. For a € M, (C) as above one finds by linearity

fla)= Z aiif ().
i,j=1

Since f(e(")) € M,,(C) it has a unique expansion with respect to the basis
emk) k1 =12 ... m,

1.e.
m

fle™y =Y f(el)ue™*), (D), € C.

k=1
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Thus we can say that there is a one-to-one correspondence between linear
maps f : M,,(C) — M,,(C) and system of complex numbers Fkﬁ, i,j=1,...,n,
k,l=1,...,m such that

2 2 a;;Flje ") (4.16)

ki1=11,j=

with a as in (4.15).

Theorem 4.3.1 (Choi’s characterization of completely positive maps) Fora lin-
ear map f : M, (C) — M,,(C) the following statements are equivalent:

(a) f is n-positive, i.e., the map f,, : M,,(M,,(C)) — M, (M,,(C)) defined in (3.40)
is positive;

(b) the matrix Cy € M,(M,,(C)) defined by

(f(e(n;ll)) f(e(n;ln)))
Cr= : P : (4.17)
f(e(n;nl)) f(e(n;nn))

is positive where e\"1) is specified in (4.14); it is called the Choi -matrix of f.
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(c) f has the form

fla) =) V,aVy,ae M,(C) (4.18)
u=1
with m X n matrices V,,, and thus f is completely positive.

Proof. 1f a linear map f is of the form (4.18) it is a straightforward calculation to show that f is completely positive, just as in the case
of the Stinespring factorization. Thus it is clear that (c) implies (a).
(a) = (b): Note that the matrix E € M, (M, (C)) given by

e(m1l) .. p(mln)

o 419)
emm)y ... plnnn)

satisfies E* = E (since (e("/))* = e(/) and E2 = E, thus E = E*E is positive in M,,(M,(C)) by Lemma Since f is assumed to be
n-positive f,(E) = Cy is positive in My (M, (C)).

(b) = (c): By definition, the matrix Cy acts on Hj, = C"™. If (b) is assumed this matrix is positive and thus its spectrum is contained
in [0,

Cr H} Its spectral representation is of the form

nm
Cr= V;)\ka/ 0< Ak < HCfH

where Qy is the projector onto the eigen-space corresponding to the eigenvalue Aj.
Denote by P; the projection from HJ}l, = Hy X Hy X -+ X Hy (n times) to the ith component H,,, i.e., Pi(z1,...,2j,...,2n) = z;, for
all zj € Hwm,j=1,...,n. Then 1} shows

Felmiy = PCeP;, ij=1,...,n,

and the spectral representation thus implies

Fe™) =Y AeP Qi
k=1
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The normalized eigenvector v(¥) for the eigenvalue A belongs to the space H%, and thus has a decomposition v(K) = (vgk),. . v,(qk)) with
(k)
Yi

This allows to rewrite the above formula for f(e(")) as

€ Hy fori=1,...,n. With the standard convention for the tensor product the projector Qy can be realized as Q; = v(¥) @ (v¥))*.

@iy — 3 1, po® @ (00 P — 3 1o® & (o0
f(e z ):I;Akpiv ® (v )Pj:];AkUi ®(U]- ).

Denote by e(mi) i=1,... n the standard basis of H,. For k = 1,...,mn define linear operators VE M — Ho by their action on this

basis
v = /3o, i=1,. n.

1 7
Hence we can continue our chain of identities for f(e(#)) by

nm nm

F(elmii)y = Z(V(k)e(n;i)) ® (VI emyr = Y VB (D)) @ (elmi))*) (v K)y*
k=1 k=1
or, since (") @ (e(mi))* = e(nii)),
f(e(n;ij)> = 2 V(k)e(n;ij)w(k))* (4.20)
k=1
and thus by f has the form (.I8). This proves (c). O

Remark 4.3.2 (a) This result of M. D. Choi is quite remarkable. It shows in partic-
ular that a linear map on the matrix algebra M, (C) with values in M,,(C) is
already completely positive when it is n-positive.

(b) In addition it is shown that such a linear map is n-positive whenever it is n-
positive on the elements of the (standard) basis.
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(c) It determines the explicit form of completely positive maps which is considerable
more specific than the Stinespring factorization.

(d) In the case of matrix algebras the proof of the Stinespring factorization indicates
that a linear map is completely positive if is is n> x m-positive (the dimension of

the space M, (C) @ C™ is n’m).

(e) The map f — Cy defined in Equation

4.17

) is often called Jamiolkowski iso-

morphism or Choi-Jamiolkowski isomorphism. It appeared first in(13.

Corollary 4.3.3 (Finite-dimensional representations of M, (C)) Let t: M,(C) —
M, (C) be a finite-dimensional representation of the matrix algebra M, (C). Then
there are m X n matrices V¥, y =1,...,mn satisfying

VIV =6, 1,

such that

m(a) =Y V®Wa(Vv®)* vae M,(C).
k=1
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4.4 Exercises

1. For k=2,3,... and a separable Hilbert space H denote H* =H x H---H (k
components). With the standard operations and the natural scalar prod-
uct H¥ is a Hilbert space in which the given Hilbert space is embedded
by isometric mappings J1 : H — H x {0} x --- x {0}, Jo: H — {0} X
H x {0} x---x {0}, ..., s : H—{0} x--- x {0} x H. Show: If B, =
{e}‘ j € IN} is an orthonormal basis of H, then [1(By) X J2(Bz) x --- X

Ji(By) is an orthonormal basis of #F.

2. Using the notation introduced in the text show My(B(#H)) = B(#H*) and

Mi(B1(H)) = Bi(H").

Hints: In order to show M(B;(H)) C Bi(H*) use a suitable characteri-

zation of trace class operators as given in Proposition
Exercise 1.

3. Observe Exercise 1 to prove the “trace formula’

k

Ty ([Ty]) = ) Te(Ty)
j=1

2.1.5

and observe
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for [Ti]'] < Mk(81<7‘[))
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